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Z$[]\'^:_#`-acbedf^,g]hRijkdmlon0_jlqprjkdm^:dRstiujtdflqn
v _stwesxjt\y^:_yszlo^:p]hm_'{r_ys
|A}tlq~_jn v _ys
iqp]plo}xj v _#}k_yz[]_y}kz[_nD+rq@acPiud4uou`,a `piuq_s

%y']qq _ v _'}kdfq_ v dM_'}k_'nYj-z'hfiostst_ys,luo_'n]_y}kiqhmdf '_ v dm^:pD_ v iqnz_¡log]n v iq}tw¢zlon v dmjtdflqns£lq}
jk[]_stzyijtjt_'}kdfn]p}tlo¡]hm_y^¤£}tlo^ []dfq[]hfwPiq¡sxlo}t¡dmn]lq¡sxjkiozhf_ysy¥:¦"lo^-piu}k_ v jkl0_{rdfsxjtdfn]1§"lo}t¨rsy©ªlqg]}
z'lqnsxjt}kgzjtdflqndfs¡iqst_ v lqn«iun«iqstwe^:prjtlqjtdRz v _'q_yhmlop]^:_'nYjlujt[_¬sxlohmgrjkdmlon­§dmjt[«}k_ystpD_yz®jjkl¯jt[]_
^:_ v dmg^iq¡sxlo}tp]jtdflqn4¥5°A}k}tlo}_ysxjtdf^ijt_s±iq}t_lo¡rjkiqdmn]_ v jtl^ijk[]_'^iujtdRz'iuhfhfwiuhfd v ijk_#jt[]_-iqz'z'g]}iqzw
lo} v _'}$lu%_yiqz[0zlon v dmjtdflqn4¥
²´³YµM¶k·,¸ ¹%q iqstwY^:prjklujkdfz
^-l v _yhfsy©Ao_'n]_y}kiqh"df^:p_ v iunz'_¡Dlqgn v iu}kw¢zlon v dmjtdflqnsy©Asjk}tlon]qhfw¢iu¡rº
stlq}k¡]dfn]-^-_ v dfg]^s
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  logs v }kdmolqns v dfq_y}kst_ys±Oiu^:dfhmhf_ys v _:zlon v dmjtdflqns v dm^:p yv iqnz_s  n  }iuhfdfs  _spDlqg]}
hRi v dmD}iqzjtdflqn v lqn v _ysiozlqgsjkdYg]_s#piu} v _yslo¡sjiqz'hm_s£lq}tjt_'^:_ynoj,iq¡stlq}k¡iunYjksy¥|Eiu},lqp]pDlostdjkdmlon
iqgr{¢jt}i*iugr{ v ~ _{rdfsxjkiqnYjksy©Ahfi zlonsxjt}kgz®jkdmlon s  iupp]g]df_0stg]}:g]n v o_'hflqp]pD_'^:_'nYjiqstwe^:prjtlqjtdog_
v _h  lon v _ v dM}iqz®j  _1piu}-}iup]pDlq}tj@h  iu¡stlq}kprjkdmlon v g ^:dfhmdf_'g4¥_ys-_sjkdm^ijkdmlons v _y}t}k_'g}ks-sxlonYj
v ^:lqnYjt}  _s5plog]}+~gsxjtd_'}^iujt[  ^:iujtdYg]_'^:_'nYjh  g]jtdfhmdRstiujtdflqn v _z_szlon v dmjtdflqns
 =¸  ¶ "! 
 0 ^:l v \'hf_ysiqstwe^-p]jtlujkdYg]_s'©Dzlon v dmjtdflqns v df^:p v iunz_ys  n  }iuhfdRs  _ysy©rlq¡sxjkiozhf_ys£lo}xº
jk_'^:_'nYj±iq¡sxlo}t¡iunYjks
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Z$[_5z'lqnz'_'prj%lu.-_yn]_'}iuhfdm y_ v/ ^:pD_ v iqnz_105lqg]n v iu}kwz'lqn v dmjtdflqn32
GIBC 4 dfsn]l§ i±}kiujt[]_y}zhRiqskstdfzyiuhnlujtdflqndmnjt[_^iujt[]_y^:iujtdRz'iqhD^:l v _yhmdfn]-lu§$i*q_p]}klqpiqoijkdmlonp][]_yn]lq^:_'ni52 sx_y_±£lo}dmnsxjkiqnz_76f98
iqn v 6f98 4 ¥Abegz[:jklelqhdRsApiu}tjtdRzg]hRiu}khmw gst_ v dfn_'hf_yz®jk}tlo^iuqn_jtdRst^£lq} v dM}iqz®jkdmlonp]}klq¡]hf_'^sy©qdfnjt[]_jkdm^:_$[iq}t^:lqndfz"}t_yqdf^:_q©¡ewlq¡sjiqzhf_ysjk[ijAiu}k_5piu}tjtdRiuhfhmwlo}%jtlujiuhfhmwpD_'n_jt}iu¡hm_o¥%Z$[]_$o_'n]_y}kiqhod v _yi
dRsy©iqsstlelqn0iqs$dmjdfspDloskstdm¡]hf_iun vv _sxdf}iu¡]hf_q©ejkl}t_yp]hfioz_jt[_gsx_lq%iqn;:x_{]ioz®j^:l v _'h=<dfnsxd v _>2£jt[]_
pD_'n_jt}iu¡hm_piq}xjAlq 4 jk[]_lo¡sjiqz'hm_¡ew iqp]p]}kl*{rdm^ijk_$¡log]n v iq}tw-zlqn v djkdmlons2 iuhRsxlzyiuhfhm_ v _ Yg]dmiqhm_ynojlo}_M_yzjtdfq_,z'lqn v djkdmlons 4 lon0jt[]_,¡log]n v iq}twlu+jt[]_ stzyijxjk_'}k_'}¥"Z$[]dRsd v _idfsp_y}xjkdmn]_ynYjdfn´p]}kioz®jkdfz'_§[_'n­jt[]_0¡Dlqg]n v iu}kw zlon v dmjtdflqn­iqp]pD_yiu}s jtl¯¡D_´_yiqstw¯jtl¯[iqn v hf_1£}tlo^ jt[]_´neg]^:_'}kdRz'iuh$pDlqdfnYj:lq
edf_'§©r§[]dRz[0§"log]h v ¡D_#jt[]_zyiqst_#d+dj±zyiun1¡__'{rp]}t_stst_ v §djk[1jt[]_[]_yhmp0lq v dmM_'}k_'nYjtdRiuhªlop_y}kiujtlq}sy¥
Z$[_stiq^-_:jwepD_lud v _yi©_yq_'n jk[]lqg]o[¯jt[]_
p]g]}kplYsx_§$iqs v dmM_'}k_'nYjy©%hm_ v jtl0jk[]_
zlonsxjt}kgz®jkdmlon lq
hflrz'iqhMiq¡stlq}k¡]dmn ¡Dlqg]n v iu}kwzlon v dmjtdflqns5£lo}$jt[]_§$i*q__Ygijkdmlon?2@6mr©"AB8 4 lq}$^:lq}k_#}t_z_ynojkhmw:jkl:jt[]_z'lqnsxjt}kgzjtdflqn
lqAn´beg]}tOiqz'_i v dRijkdmlon´¦"lon v dmjtdflqnsC2@6 ]©]`8 4 £lq}p]g}t__'{Yjk_'}kdmlo}$p]}tlo¡]hf_'^s'¥
Z$[_ v dmD}iqzjtdflqn´p]}klq¡]hf_'^luA_yhm_z®jk}tlo^:iqqn]_'jtdRz#§5i*o_ys$¡ew0p_y}x£_z®jkhmw0zlon v gzjtdfn]lq¡sjiqzhf_yszlYijt_ v
§dmjt[«iPjt[]dfn hfi*wo_'}:lu v df_'hf_yz®jk}tdRz1^ijt_y}tdRiuhdRsi p]}klujtlqjwep_1p]}klq¡]hf_'^ £lo}:jt[]_0gst_´ludm^:pD_ v iqnz_
z'lqn v djkdmlons'¥ / n v _'_ v © v g]_#jtl jt[_sx^iuhfh'2¿jwep]dRz'iqhmhfw§dmjt[0}t_sxpD_yzj$jtl-jt[]_#§$i*q_yhm_yn]ujk[ 4 jk[]dRz¨Yn_ysks"lqjk[]_#zloiujtdfn]©ojt[__'D_z®jluªjk[]_#hfi*wo_'}Jlonjt[__'{Yjk_'}kdmlo}"^:_ v dmg^dfsy©riqs5i}sxj5iupp]}tl*{rdf^ijtdflqn©ohflrz'iuh
2 sx_y_£lq}dfnsjiunz'_;6m*e©ªr©]©EDr©B8 4
F n]lujk[]_'}#iupp]hmdRz'iujtdflqn4©jt[_ lon]_,§5_,[i*o_,dfn¬^:dmn v []_y}t_o©DdRs±jt[]_ v dmD}iqzjtdflqn¬lqJ§5i*o_ys¡ew´sxjt}klqn]ohmw
iq¡stlq}k¡]dmnlq¡sxjkiozhf_ysy©jwep]dRz'iqhmhfw0[]dmo[]hfw0z'lqn v gz®jkdmn]¡l v df_ysdfnP_'hf_yzjt}klq^iuon]_jkdfst^0¥Z$[]dRs±jtdf^-_o©ªdj
dRsi1§"_yhmhmº ¨Ynl§nPp][ewrsxdRz'iqh+p][]_'nlq^:_'n]lon4©4jk[]_sxlqº zyiuhfhm_ v st¨edmn¯_M_yzjy©jt[iujz'}t_ijk_ys#i;: jk[]dmn¯hRi*wq_y}G<
_'D_z®j¥:Z$[]_zlqn v gz®jkdmedmjw´hmdf^:djsjt[]_:pD_'n]_'jt}iu¡]hf_:}t_yqdflqn´jkl´i¡Dlqgn v iu}kw´hRi*wq_'}§[]lYsx_ v _'p]jt[ dfs
dfneq_y}kst_'hfw´p]}klqpDlq}tjtdflqniqhjkl0jt[]_zlqn v gz®jkdmedmjw¬lu5jt[_^:_ v dfg]^0¥Z$[]_yn4©[_'}k_iuoiqdmn©ªjt[]__'D_z®j,lq
jk[]_,lo¡sxjkiqz'hm_ dfsy©Miqsi }sj#iup]p}tl*{rdf^:iujtdflqn4©hmlrzyiuh ¥Z$[]_ nYg^-_y}tdRz'iqh}k_ystg]hmjksp]}t_sx_ynYjt_ v dfnIH%dfqg]}k_ys
*º  luEst_yz®jkdmlon0]¥ * dfhmhfgsxjt}ijt_#jk[]dRssx¨edfn1_'D_z®jp][_'n]lo^-_yni]¥
F si ^:iujxjk_'}
lqOiqzjy©jk[]_P}k_yst_yiq}kz[ lqn«_'D_z®jkdmo_P¡Dlqg]n v iu}kwz'lqn v dmjtdflqns£lq}[]dfq[]hfw«iu¡stlq}k¡]dfn]
lo¡sxjkiqz'hm_s¡_yoiun §dmjt[KJ4_ylqnYjtledRz[P¡D_£lq}k_-jt[]_iqp]piq}tdmjtdflqn lu$zlq^:p]g]jt_'}siun v jk[]_ v _yq_'hflqp^-_ynYj
lqnYg^-_y}tdRz'iqhA^:_jk[]l v s'¥ML±_
p]}klqpDlost_ v iun¯df^:p_ v iunz'_
¡Dlqg]n v iu}kw@z'lqn v dmjtdflqn©jk[ij-dfs,n]l§5i v i*wrs
¨en]l§n iqsjt[_NJ_'lonojkledjz[¬¡log]n v iq}tw¬z'lqn v djkdmlonO2Oiqn v jt[iujz'lq}k}t_sxpDlqn v §djk[Pjk[]_zlon v dmjtdflqnPlq
lo} v _'}dfn´jk[]dfspiqp_y} 4 ¥±Z$[]dRs±zlon v dmjtdflqn¬lon]hfwN:tsx_y_ysG<#hflrz'iqhmhfw
jk[]_jiun]o_'nYj±p]hRiun_jtl
jt[]_,£}tlonojkdm_y}y¥Jijk_'}©YwYjkl56f'`]©M*98Dp}tloplYsx_ v iun_'{Yjk_'nstdflqnlqªjt[]_J4_ylqnYjtledmjkz[zlon v dmjtdflqn§[]dRz[§$iqs"iuhf}t_i v w
¡iqst_ v lonjk[]_#p]}tdfnz'dmp]hf_lu%iqniosxwe^:prjtlqjtdRz±_'{rpiunstdflqn4¥+´lq}k_}t_z_'nYjkhmwo© F nYjtlqdfn]_'º0$iu}kgzqºPE_'}kn][]_'j
6 QB8p}tloplYsx_ v i-n]_y§ v _y}tdfijkdmlonlqdf^-pD_ v iunz'_¡log]n v iq}tw
z'lqn v djkdmlons$¡iqst_ v lqnjt[_#jt_yz[n]dYg]_lq
_'{rpiunstdflqn¢lupsx_yg v luº v dmD_y}t_ynYjtdRiuhJlop_y}kiujtlo}ks>2££lqhfhml§dfn]Pjt[]_y}t_
jt[]_1lq}kdmodmniuhAd v _yios,lq°An] ogdfsxjxº
Pi~ v i36fyB8ª£lo}iu¡stlq}k¡]dfn] ¡Dlqgn v iu}kw
z'lqn v dmjtdflqns 4 ¥
g}p]g}tpDlost_,dfn´jt[dfspiqp_y}dRsjtl
}k_'edRsxdmj±jk[]_og_ysxjtdflqn¬lq
GIBC
 s£lq}jt[]_:skz'ijtjt_y}tdfn]lqJ§5i*o_ys
¡ew[dmo[]hmwiu¡stlq}k¡]dfn] lo¡sxjkiqz'hm_s$§djk[´i v lqg]¡]hf_#lq¡r~_z®jkdmo_SR
½½ÆT"U9V@WW
`   S    	
S) S(
 |A}klqpDlost_#i-n]_y§ z'lqnsxjt}kgzjtdflqn1lu GIBC  s§[]dRz[1dRs$¡iosx_ v ©iqswojkl  s$zlonYjt}kgz®jkdmlon4©rlqn0iuniunskijk £lo}"jk[]_#iqstwY^:prjklujkdfz±_{rpiunsxdflqnlq4jt[__'{rioz®j$sxlohmgrjkdmlon¡]grj§[]dRz[
dRsJjt_yz[n]dfzyiuhfhmw v d¿º
£_'}k_'nYjR§"_5gst_iskz'iqhmdfn]jt_yz[n]dYg]_iqn v i¡Dlqg]n v iu}kwhRi*wq_y}_'{rpiunstdflqn,dfn jt[]_$n]_ydmo[Y¡Dlq}k[]lel v
lu+jt[_¡log]n v iq}tw?2£§[]dRz[0dfsy©]jkllqg]}lop]dfn]dmlon4©]^:lq}k_i v iqprjt_ v jtli:^ijk[]_'^ijkdfzyiuhiqniuhfwrsxdRs 4§[]dfhm_wYjklgst_ysiun0iunstiujt sxdf^:dmhRiu}$jkl-jt[]_iqnstiujt £lq}[dmo[
£}k_Yg]_ynzw
iosxwe^:prjklujtdRz'sy¥
 ±_yq_yhmlop i«z'lq^:p]hf_jk_¢^:iujt[]_y^ijtdRz'iqhiuniqhmwrstdfsK2O_{rdRsjk_'nz'_ iun v g]n]dYg]_'n_ysks´lu-jt[]_­sxlohmgrºjtdflqn4©ªsxjkiq¡]dmhfdmjw1iqn v _'}k}tlo}_ysxjtdf^ijk_ys 4 £lq}±jt[]_-iup]p]}kl*{rdm^iujt_p]}klq¡]hf_'^s±§djk[¬}t_sxpD_yzjjtl
jt[]_^:_ v dfg]^  s±iu¡stlq}kprjtdflqn¥
Z$[_¬sx_zlqn v pDlqdfnYjdfs
p]}klq¡iq¡]hmw jt[]_¬^iqdmn«zlonYjt}kdm¡]g]jtdflqn lujt[]_Pp]}t_sx_ynYj§"lo}t¨M¥ / j
pD_'}k^:djsdfn
piu}tjtdRzg]hRiu}jklPodmo_i¬st_'nst_jkl¬jk[]_  S% lu±iPqdfq_yn
GIBC
©Ji¬n]lujkdmlon §[]lost_
^:_iun]dfn]¬dRs,nluj
iqhm§$i*wrs:zhf_yiu}I2Oijhf_yiosjnlujiqhm§$i*wrs,jk[]_Pskiu^:_ 4 dfn jt[_´hmdmjt_y}kiujtg]}k_ 2£dmj
dRssxlo^:_jtdf^:_ys}k_'hRijk_ v jtljk[]_1lq} v _'}-lujk[]_ v dM_'}k_'nYjkdfiqh5lop_y}kiujtlo}ks,dmneqlohmo_ v dfn jk[]_´zlqn v djkdmlon4©Astlq^:_jkdm^:_ys-hfdmn¨q_ v jtl@jt[]_
jk}tgnz'iujtdflqn lo} v _'}:lu#sxlo^-_´Z%i*wehmlo} _'{epiunstdmlon4©f¥m¥f¥ 4 R´i?- / 0¦ §dfhfh¡_0lqlq} v _y} k d#dmj:p}tled v _ysiqn¯_'}k}tlo}dfn
O(εk+1)
¥ F plodmnYj v _sx_y}to_ysjkl´¡__y^-p[iqstdm y_ v dfn@jk[]dRsdmnYjk}tl v gzjtdflqn R£lq}i0qdfq_yn
lo} v _'}
k
jt[]_y}t_dRsEn]lqjJg]n]dYg]_'n_ysksEluDjt[]_
GIBC
¥  _±sx[iuhfh]dmhfhfgsjk}kiujt_$jk[]dfsAOiqzjA[]_'}k_¡ew,p]}k_yst_'nYjtdfn]
st_'o_'}iuh
GIBC
 sElqDlo} v _'}Aiun v * £lo}+jt[]_skiu^:_$lq} v _'}© v dmM_'}k_'nYj
GIBC
sElqn]hfw v dmM_'}A¡ew 2O^:i*we¡D_
df^:plo}xjiunYj 4 lqjt[]_y}$£_yijkg]}k_ysstgz[1ios5jt[]_ydm}i v iqprjkiujtdflqnjkli-qdfq_'n1neg]^:_'}kdfzyiuhM^:_jk[]l v s'¥
/ j:dRs,n]lqj:stg]}kp]}kdfstdmn´jtl sx_y_
jk[ij©Edmn jt[]_1^ijt[_'^ijkdfzyiuh5hmdmjt_y}kiujtg]}k_q©E^ gz[ §5lq}k¨@dRs v _'olujt_ v jtl
^iujt[]_y^:iujtdRz'iqhiuniqhmwrstdfsAlq}Ejk[]_sxjtg v w lqMneg]^:_y}tdRz'iqh]^:_jt[l v sA£lo}A§5i*o_p]}klqpiqoijkdmlon,^:l v _'hRsA§dmjt[
GIBC
s>2 sx_y_:£lq}dfnsjiunz'_ 6fq©A9QB8 4 ¥¦"g]}kdmlogsxhfwq©%zlonz_y}tn]dfn]0i1}tdfqlo}tlogs#iqstwY^:prjklujkdfz:iuniuhfwestdRslq
GIBC
 s£lo}[]dfq[hmw0iu¡stlq}k¡]dfn]^:_ v dRi]©Mdmjst_'_y^:sjt[iujy©ªiuhmjt[lqg]o[¬sxlo^-_,luEjt[_,§5lq}k¨es±¡ew F }xjklqhRiº
¦"_stst_'nij 6 * 8+ql
dfn´jk[]dfs v df}t_z®jkdmlon 2¿£lq} v dmD_y}t_ynYjp]}klq¡]hf_'^sjt[iqn¬lqg]}sy©[]l§5_'o_'} 4 jt[]_y}t_ iu}k_q_y}tw£_y§«§"lo}t¨rsJdmn
jt[]_^ijt[_'^ijkdfzyiuhhfdmjxjt_y}kiujtg]}k_ v _'qlqjt_ v jtl-sxgz[i}kdmolq}klqgsAiosxwe^:prjklujtdRz±iqniuhfwrsxdRsAlq
GIBC
 s5£lq}5[]dmo[]hfwiu¡stlq}k¡]dfn],^:_ v dfi©ez'lqnYjt}iu}kw jtl jt[]_z'iosx_lu4jk[]dfn1z'loijkdmnosJ£lq}$§[]dRz[jt[_'}k_dRs
iqn1iq¡]g]n v iunYjhmdmjt_y}kiujtg]}k_q¥
/ n,jt[]dRs }sj%piupD_'}%lqn,jt[]_$sxg¡r~_yzjy©§5_"dfneq_ysxjtdfoiujt_Adfn v _jkiqdmhYjk[]_ Yg]_sjkdmlonlu
GIBC
 s£lq}+sjk}tlon]qhfw
iq¡stlq}k¡]dmn^-_ v dRidfn´jt[]_-zlonojk_{ejlq+jtdf^-_-[iq}t^:lqndfziozlogsjkdfz§5i*o_dmn * v dm^:_ynsxdflqns'¥Z$[]_ zyiqst_
lq¬i{r§5_'hfh  s_Ygiujtdflqns§dmhfh¡D_´jk[]_Plo¡r~_yzj
lui¢st_yzlon v piqp_y}I2£nlujt_P[]l§"_yq_y}:jt[iujy©dfn«jt[]_
v _'q_yn]_'}ijk_   z'iosx_o©§5_,o_j#§djk[´jt[dfs§5lq}k¨
GIBC
 s£lo}#"=_yhm_z®jt}klq^iqqn]_'jtdRz§5i*o_ysy©iujhf_yiqsxj
dfn jt[]_zyiqst_:lu5jt[]_Z$° pDlqhRiu}kdm ijkdmlon 4 ¥Z$[]_:logrjthfdmn_lu5jt[]_
iq}xjkdfz'hm_:dRsiqs£lohmhfl§sy¥ / n¯st_yzjtdflqn¢r©§5_p]}k_yst_'nYjjk[]_^:l v _'h5p]}klq¡]hf_'^<§"_
st[iqhmhA§5lq}k¨P§dmjt[­iun v qdfq_jt[]_^iqdmn¢¡iosxdRz:^ijk[]_'^ijkdfzyiuh
}k_ystg]hmjks }t_yhfiujt_ v jtl@jt[dfs-p]}klq¡]hf_'^ 2 Z$[]_'lo}t_y^s-]¥m0iun v r¥ ¬iqn v z'lq}klqhfhfiq}tw¢r¥f 4@4 ¥  _0sxjkiujt_jt[]_^iqdmn1}t_sxghjs$lulog]}$piupD_'}dfn0sx_z®jtdflqn * R%jk[]_p]}k_yst_'nYjkiujtdflqn
lq%stluº z'iqhmhf_ v j  2Ost_yz®jkdmlon * ¥m 4 ©±j 2 sx_z®jkdmlon * ¥  4 iun v }tlo¡]gsxj 2£dfnPisx_ynst_ v _n]_ v dfn¬sx_z®jkdmlon * ¥  4 GIBC  siun v jk[]_,iqp]p]}kl*{edf^ijkdmlonjk[]_'lo}t_y^s * ¥mq¥Jbe_yzjtdflqn0`:dfs v _yqlqjt_ v jtl-jk[]_zlonsjk}tgz®jtdflqn1lu
GIBC
 s 2 sx_y_sx_z®jtdflqn1`¥ ` 4 jk[]}tlog]q[jk[]_$gst_5lqDi#sxjkiun v iu} v skz'iqhmdfn]jt_yz[n]dYg]_C2 z®¥Esx_z®jkdmlon `¥  4 dfn-jt[]_$n]_ydmo[Y¡Dlq}k[]lel v lqjt[_¡log]n v iq}twjk[ij#pD_'}k^-dmjksiqn@iqniuhfwYjtdRz v _stz'}tdfprjtdflqn@luAjk[]_:¡log]n v iq}tw´hRi*wq_y} 2 sx_z®jtdflqn@`¥ * 4 gstdmn]0i1sxwrsxjt_'^ lqhflrz'iqhDz'lYlo} v dmniujt_s 2 sx_z®jtdflqn`¥f 4 ¥+Z$[_z'_'nYjt}iuhªst_yz®jkdmlon
lq4jt[]_piqp_y}5dRs$sx_z®jkdmlon1,§[]_'}k_§5_p]}tlo__y}t}klq}+_sjkdm^ijk_ys+£lo}  j 
GIBC
 s'¥EZ$[]_iqniuhfwrsxdRs+dfsJsxp]hfdmjJdmnYjkl#j§"lsxjt_yps%R+i5~gsxjtdz'iujtdflqnM2Ost_yzjtdflqn
»£¼%½4»¿¾
 
		 !"#$%	 &'(
)"%	$ 
]¥m 4 lu+jt[]_iosxwe^:prjklujtdRz#_{rpiqnstdmlonlq+st_yzjtdflqn0`¥  2£hf_'^:^ir¥fiun v zlo}tlohmhRiu}kw
r¥f 4 iqn v isx_zlon vpiu}tj 2Ost_yz®jkdmlon r¥  4 hfdmn¨q_ v jkl´jt[]_ GIBC dmjkst_'hm2£hf_'^:^iqs-r¥ `¬iun v ]¥ Q 4 ¥MHdfniqhmhfw@§5__{rp]hRiudfn¢dfnst_yzjtdflqn Q-[]l§ jkl-^:l v dm£wjk[]_iuniqhmwrstdfs5£lo} j  iun v }klq¡]gsj
GIBC
 sy¥
  ¯5	4	&1(
J_j
Ω
©
Ωi
iun v
Ωe
¡_,lqpD_'n v lq^iqdmns$lq
R3
sxgz[jt[ij
Ω = Ωe ∪ Ωi
iun v
Ωi ∩ Ωe = ∅
¥  _iuhRsxl
ioststg]^:_-jt[iuj
Ωi
dRsi´stdm^:p]hfw z'lqn]n_yz®jk_ v iun v
∂Ω ∪ ∂Ωi = ∅
¥ / n¯jt[_
sx_ Yg]_'h ©§5_sx_'j
Γ = ∂Ωiiqn v ©%£lq}jt[]_1sxdf^:p]hmdRzdmjw lu$jt[]__{rpDlostdjkdmlon4©§5_
st[iuhfh"ioststg]^:_jk[ij
Γ
dfs i
C∞
^iun]dm£lqh v ¥ 2Ost_'_
H%df¥r 4 ¥  _iu}k_5dmnYjt_y}t_sjk_ v dmn jt[]_iozlogsjkdfz"§$i*q_Jp}tlopiuYijtdflqn,dmnstd v _5jt[]_ v lo^:iqdmn Ω ¥  _iqskstg]^:_
Ωe
∂Ω
Γ
Ω = Ωe ∪ Ωi
Ωi
H%dfqg]}k_:SR'-_'lo^:_jt}kwlqjt[_^-_ v dfg]^
jk[ij#jk[]_:jtdf^:_:iqn v sxpioz_skz'iuhf_ys#iq}t_:z[]lost_'n@dmn¯stgz[ i1§$i*w0jt[iuj#jt[]_stp_y_ v lu5§5i*o_ysdfs:iun v
§5_:iqsksxg]^:_-jt[ij#jt[]_^:_ v dmg^ dmnsxd v _
Ωi
dfsiqn iq¡stlq}k¡]dmn
^:_ v dfg]^0¥ / n lujt[_'}#§"lo} v s'©Mjk[]_§5i*o_
p}tlopiuYijtdflqn
dfsolq_y}tn]_ v dfnsxd v _
Ω
©r¡ew
R
∂2Uε
∂t2
+ σε(x)
∂Uε
∂t
− ∆Uε = F, 2x 4
§[_'}k_
σε(x)
dRs±jk[]_,£gnz®jkdmlonPjk[ijz[iq}kioz®jt_y}tdf '_jt[]_:iu¡stlq}kprjkdmlon¬luAjk[]_:^:_ v dfg]^ iun v
ε
isx^iuhfh
piu}iu^:_jk_'} v _n]_ v hRijt_y}R
σε(x) =
{
0,
dfn
Ωe ,
σε > 0,
dfn
Ωi .
2  4
¦"lonstd v _y}tdfn] iPjkdm^:_0[iq}t^:lqndfz1sxlog]}z_
F (x, t) = f(x) sinωt
©"§[]_'}k_
ω > 0
v _'n]lqjt_s-i odmo_'n
£}k_Yg]_ynzwo©rlqn]_#hflelq¨rs5£lq}$jkdm^:_[iq}t^:lqndfzsxlohmg]jtdflqnsR
Uε(x, t) = Re (uε(x) exp iωt) .
Z$[_'n4©rjk[]_#£g]nzjtdflqn
uε(x)
dRsqlo_'}kn]_ v ¡Ywjt[]_L±_'hf^-[lqhmjt _Ygiujtdflqn R
−∆uε − ω2uε + iω σε(x)uε = f, dfn Ω, 2 * 4
½½ÆT"U9V@WW
Q   S    	
S) S(
§[_'}k_§"_-iqsksxg^-_jt[iuj±jt[_ stg]p]pDlq}tjlu+jk[]_,£gnz®jkdmlon
f
dfszlonn]_ v dmnYjkl
Ωe
¥±° ogijtdflqnO2 * 4 [iqsjkl:¡_,z'lq^:p]hf_'^:_'nYjk_ v §djk[¬i ¡Dlqgn v iu}kw
z'lqn v dmjtdflqn0lon
jk[]__{ejt_y}tdflq}¡Dlqgn v iu}kw
∂Ω
¥  _z'lqnstd v _'}
£lo}dmnsjiunz'_jk[]_#£lqhfhfl§dmn]:iu¡sxlo}t¡]dfn]-¡log]n v iq}twzlqn v djkdmlon?2 sx_y__'^iq}t¨rsr¥fiun v r¥  4
∂nu
ε + iωuε = 0,
lqn
∂Ω.
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Γ

 _iu}k_dmnYjt_y}t_sjkdmn dfn v _yskz}kdm¡dmn]-jk[]_sxlohmgrjkdmlon¡D_'[i*Ydflqg}"£lo}hfiq}to_
σε
¥'H]lq}$jk[]dRs'©rdmjdfs$gsx_'£g]hªjtl
dfnYjt}kl v gz_iosi-st^iuhfhªpiu}iu^:_'jt_'}5jk[]_YgiunYjtdmjw
R
ε =
√
ω/σε ⇐⇒ σε = 1/(ω ε2) . 2  4
/ jdfs±_yiqstwjkl
st_'_#jt[ij
ε
[iqsjt[]_ stiq^-_ v dm^:_'nsxdflqn¬iosihf_'n]qjt[4¥ / j±}k_'p]}k_yst_'nYjsdmn0Oioz®jjk[]_§d v jt[
lqjk[]_p_yn]_jk}kiq¡]hf_¡log]n v iq}twhRi*wq_y}5dfnstd v _
Ωi
2OiuhRstl:zyiuhfhm_ v jk[]_st¨Ydfn v _'prjk[ 4 ¥
g}qloiqhAdfn@jk[]dRspiqp_y}dfsjtlPz[iq}kioz®jk_'}kdm y_q©ªdfn iun¢iup]p}tl*{rdf^:iujt_:§$i*wq©4jk[]_}k_ysxjt}kdfzjtdflqn
uεe
lu
uεjkljk[]_ _'{ejt_'}kdflq} v lq^iudfn
Ωe
¥ / nPlo} v _'}jkl v l0stl©Ddj#dfsgst_£ghjkl
}k_'§}kdjk_,p]}klq¡hm_y^ 2 2 * 4 © 2£` 4 4 iosijk}kiqnst^-dRsksxdflqnp]}tlo¡]hf_'^ ¡D_j§5_'_yn
uεi = u
ε
|Ωi
iun v
uεe = u
ε
|Ωe
R



(i) −∆uεe − ω2uεe = f,
dfn
Ωe,
(ii) −∆uεi − ω2uεi +
i
ε2
uεi = 0,
dfn
Ωi,
(iii) ∂nu
ε
e + iωu
ε
e = 0,
lon
∂Ω,
(vi) uεi = u
ε
e,
lon
Γ,
(v) ∂nu
ε
i = ∂nu
ε
e,
lon
Γ.
2Q 4
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 _5p]}t_sx_ynYj%[]_y}t_Jjt[]_$¡iosxdRzEjk[]_'lo}t_'jtdRz'iqho}k_ystg]hmjks%}t_yhfiujtdfq_Ejklp}tlo¡]hm_y^ 2 * 4 ¥+Z$[]_yst_J}k_ystg]hmjks+zlonsjkdjkgrjt_i-n]_z_stskiu}kwp]}k_'hfdm^:dfniu}kwsjk_'p1jtl§$iu} v sJjt[]_#£lo}xjk[zlo^:dmn]iosxwe^:prjtlqjtdRz#iuniqhmwrstdfsy¥
(*) ³e¸  ³    % N'%S 	  ) (E,+)" %=) 	(
uε ∈ H1(Ω) 	C.   0"! 8)
'C  $ 2 0	 % 76% 	  $( 	  (E	
C > 0
 (
S  %(.(E	1@
ε
)"0 	  	
‖uε‖L2(Ω) ≤ C ‖f‖L2(Ω) .
2 D 4
-  @( Z$[]__{rdRsjk_'nz'_iun v g]ndYg]_yn]_ysksEp]}kleluMdfs"izhRiqsksxdRz'iqhr_{r_'}zdRsx_$lon jk[]_gst_lu H]}k_ v []lqhf^  s
iqhjk_'}knijkdmo_q¥ J4_'j5gs$stdm^:p]hfw:}t_z'iqhmhjt[iuj$jt[]_g]n]dYg]_'n]_sts"}k_ystg]hj$}k_ystlq}tjksEjkl,jk[]_£lqhfhml§dfn],d v _ynojkdjw
R
∫
Ω
|∇uε|2 − ω2|uε|2 dx+ i
(∫
∂Ω
ω|uε|2 ds+ 1
ε2
∫
Ωi
|uε|2 dx
)
= 0.
jk[ijEdRs+iuhfd v £lq}Eiunew,stlqhfgrjkdmlon
uε
lujt[]_$[]lo^:lqq_yn]_'logs¡log]n v iq}twiqhmg]_5p]}klq¡]hf_'^SiqsksxlrzdRijk_ v §dmjt[
2 2 * 4 © 2£` 4 4 2Ostdm^:p]hfw
^ g]hmjtdfp]hmw_Ygiujtdflqn 2 * 4 ¡ew ūε iun v dfnojk_'o}kiujt_¡Yw
piu}tjks$lo_'} Ω 4 ¥ / n0piq}xjkdfz'g]hfiq}y©
uε = 0
dmn
Ωi
iqn v ¡Yw
g]n]dog_zlqnYjkdmnegiujtdflqn
uε = 0
¥
bejkiu¡dmhfdjw _ysxjtdf^ijk_2 D 4 dRsp]}klq_yn ¡ew¯zlonojk}ki v dRz®jtdflqn¥ F ststg]^:_jk[]_
_'{edRsxjt_'nz_lqiPsx_ og_'nz'_ fε§dmjt[ ‖fε‖L2(Ω) = 1 stgz[¯jt[ijjk[]_
zlo}t}k_ystpDlqn v dfn]0sxlohmg]jtdflqn¯lu2@2 * 4 © 2O` 4 4 © v _'nlujt_ v uε ©%dRssxgz[jk[ij ‖uε‖L2(Ω) → ∞ iqs ε→ 0 ¥  _st_j
vε = uε/ ‖uε‖L2(Ω)
iqn v
gε = fε/ ‖uε‖L2(Ω) .
Z$[_'n ‖vε‖L2(Ω) = 1
iqn v ‖gε‖L2(Ω) → 0
iqs
ε→ 0 ¥"n]_#q_js5£}tlo^ 2 * 4



−∆vε − ω2vε + iωσεvε = gε, dmn Ω,
∂nv
ε + iωvε = 0,
lqn
∂Ω.
2A 4
¦"lonst_Yg]_'nYjkhmw 2Olqnz'_iuoiqdmn©Y§5_#^,g]hmjtdfp]hfwjk[]_p]}k_'edmlogs$_Ygiujtdflqn1¡ew
v̄ε
iun v dfnYjt_yq}ijt_lq_y}
Ω 4
∫
Ω
(
|∇vε|2 − ω2|vε|2
)
dx + i
(
ω
∫
∂Ω
|vε|2 ds+ 1
ε2
∫
Ωi
|vε|2 dx
)
=
∫
Ωe
gεv̄ε dx.
2  4
Z%iu¨edfn] jt[]_}k_yiqhªpiu}tjlu 2O 4 wedf_'h v s
∫
Ω
|∇vε|2 dx = −ω2
∫
Ω
|vε|2 dx+ Re
∫
Ωe
gεv̄ε dx.
Z$[_'}k_£lq}k_±lon]_ v _ v gz_sJjk[ij
vε
dRs$¡Dlqg]n v _ v dmn
H1(Ω)
¥'L_ynz_#lon]_z'iun1iqsksxg^-_jt[ijy©g]p
jkl-jt[]_
_'{ejt}iqz®jkdmlon
lq%i:sxg¡sx_ Yg]_'nz'_q©
vε → v §"_iu¨ehmwdfn H1(Ω) iun v sxjt}klqn]ohmwdfn L2(Ω) ¥'H%dm}sxj$§5_#[i*q_
‖v‖L2(Ω) = 1
¥AZ%iu¨edfn],jk[]_hfdm^:dmjdmnK2A 4 ©}t_sjk}tdRz®jk_ v jtl Ωe ©]wedf_'h v s



−∆v − ω2v = 0, dmn Ωe,
∂nv + iωv = 0,
lon
∂Ω.
2xy 4
½½ÆT"U9V@WW
A   S    	
S) S(
njt[_lujt[_'}[iqn v ©rjiu¨edmn,jk[]_dm^iqqdfniu}kwpiu}tjdmnK2  4 st[]l§s5dmn0piq}xjkdfz'g]hfiq}5jt[iuj
‖vε‖2L2(Ωi) ≤ ε
2 ‖gε‖L2(Ω) ‖vε‖L2(Ω) .
Z$[egs
vε → 0 dmn L2(Ωi) ©[]_'nz'_ v = 0 dmn Ωi ¥ / n1piu}tjtdRzghfiq}
v = 0
lon
∂Ωi.
¦"lo^,¡]dfn]_ v §dmjt[ 2xy 4 ©]jk[]dfs±zlqn v djkdmlon´sx[]l§s5jk[ij v = 0 dmn Ωe ¥  _,q_jjk[]_'n v = 0 dfn Ω §[dfz[dRs$dfn0z'lqnYjt}i v dfzjtdflqn
§dmjt[ ‖v‖L2(Ω) = 1 ¥ 
  ¸  ¸ ! !Or µ   % N6% 	   ( 	  ("	
C > 0
 (."%(.S%("	 G
ε
)"'M	)  	
‖uε‖H1(Ω) ≤ C ‖f‖L2(Ω)
 (. ‖uε‖L2(Ωi) ≤ C ε ‖f‖L2(Ω) .
2xq 4
-  @( Z$[]dfsz'lq}klqhfhfiq}tw:dRsi v df}t_z®jzlonsx_ Yg]_'nz'_#lu_yn]_'}kqwd v _ynojkdjw
∫
Ω
(
|∇uε|2 − ω2|uε|2
)
dx+ i
(∫
∂Ω
ω|uε|2 ds+ 1
ε2
∫
Ωi
|uε|2 dx
)
=
∫
Ωe
f ūε dx
iqn v jt[]_sxjkiq¡]dmhfdmjw}t_sxghjlq%Z$[]_ylq}k_'^/]¥mu¥

¦"lo}tlohmhRiu}kw@]¥m
st[]l§s,dmn piu}tjtdRzg]hRiu},jt[iuj,jt[_stlqhfgrjtdflqn z'lqneq_y}to_ysjkl
0
hfdm¨o_
O(ε)
dmnstd v _
Ωi
©Aij
hf_yiosj"dmn:jk[]_
L2
sx_ynst_q¥EZ$[]dRs
O(ε) L2
º dfnojk_'}kdmlo}A_ysxjtdf^ijk_dfsJdmnOiqz®j"n]luj5lqprjkdm^iuh ¥ F st[iu}kp_y}A}k_ystg]hj
§dfhfh4¡_odmo_'ndmn0hf_'^:^ir¥fu©r§[]_'}k_#§"_st[]l§«jk[ij ‖uε‖L2(Ωi)
dfs
O(ε3/2)
2Ost_'__'^iq}t¨]¥  4 ¥
        $    
	  &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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  
/ n jk[]dfs,sx_z®jtdflqn©§5_ }ksxjqdfq_iqn _sjkdm^iujt_§[]dRz[¯^:iq¨q_s#^-lo}t_:p]}k_yz'dfst_:jt[_ v _yskz}kdmp]jtdflqn¯lu5jt[]_
dfnYjt_y}tdflq} v _yzyi*w0}t_sxg]hmjksy¥  _:st[]l§ jk[ijdm"§5_ hflelq¨´ijjt[]_stlqhfgrjtdflqn@dmn i v lq^iudfnP§[]dRz[@sxjt}kdRz®jthfw
dfnYjt_y}tdflq}+jkl
Ωi
jt[_ v _yzyi*w,lqjk[]_±stlqhfgrjtdflqn:dRsA^:lq}k_}kiqp]d v jk[iuniqnYw pl§5_'}Jlu
ε
¥EZ$[]dRsEdRsJi }sxjA§5i*w
jkl _'{rp]}t_stsJjt[ij$jt[]_#^iudfn
piu}tj5lq4jt[]_#dfnYjt_'}kdflq}$sxlohmgrjkdmlon
§dfhmh4z'lqnz'_'nYjt}ijk_±n]_iu}5jt[_¡Dlqg]n v iu}kw
Γ
¥
Z$[_p}t_zdRsx_#}k_ystg]hjdRs$jt[_#£lqhfhml§dfn]"R
(*) ³e¸  ³   	
δ > 0
 (. .(.
Ωδi = {x ∈ Ωi; dist(x, ∂Ωi) > δ}
 	)"( 	 % >'% $	!	 
"B 	  2 N$("	  ("	
Cδ
 (.
γδ
 (
S  %(.(E	1@
ε
$)"0 	  	
‖uεi‖H1(Ωδ
i
) ≤ Cδ exp (−γδ/ε) ‖f‖L2 .
-  @( n]_ plYststdf¡]hm_-p]}kleluAluJjt[]dRs_ysxjtdf^:iujt_:z'iqn¬¡_:lo¡rjkiqdmn]_ v ¡ew´gstdmn]
jt[]_:dfnYjt_'o}kiqh}k_'p]}k_º
st_'nYjijtdflqnlq4jt[_stlqhfgrjtdflqndfnstd v _
Ωi
iun v jk[]_}t_sxg]hmj"lq%¦"lq}klqhfhfiq}tw:r¥f¥  _#st[iuhfhp}t_sx_ynoj"[]_'}k_iqn
iqhjk_'}knijkdmo_iq}tdRijkdmloniuhªiupp]}tlYiqz[
jt[iuj$dRsiqhfstl iqhmd v dmn1jt[_z'iqst_lu+*iq}tdRiu¡hm_#zle_z'dm_ynojs'¥
J_jgsdfnYjt}kl v gz_i:zg]jxº lu¬£g]nz®jtdflqn
φδ ∈ C∞(Ω)
stgz[
jk[ij
φδ(x) = 0
dfn
Ωe , φδ(x) = β
δ dfn Ωδi ,
»£¼%½4»¿¾
 
		 !"#$%	 &'(
)"%	$ 
§[_'}k_jk[]_zlonsxjkiunYj
βδ > 0
dRsz[]lYsx_ynstgz[
jk[ij
‖∇φδ‖2∞ <
1
4
.
2x 4
 _st_j
vε = exp(φδ(x)/ε)u
ε ¥JbYjk}kiqdmo[Yjx£lq}k§$iu} v z'iqhfz'g]hfiujtdflqns$st[]l§ jk[ij
∆uε = exp(−φδ(x)/ε)
(
∆vε − 1
ε
(2∇φδ · ∇vε + ∆φδ vε) +
|∇φδ |2
ε2
vε
)
.
L±_'nz'_
vε
skijtdRs_ys



−∆vε + 2
ε
∇φδ · ∇vε + (−ω2 +
∆φδ
ε
− |∇φδ |
2
ε2
+ iωσε) vε = f
dfn
Ω
∂nv
ε + iωvε = 0
lon
∂Ω.
2x * 4
¬g]hjkdmphmwedfn]jt[_ }sj±_ Ygijkdmlon1dfn 2 * 4 ¡ew v̄ε dfnYjt_'o}kiujtdfn]:¡ewpiq}xjsdfn Ω wedf_'h v sy©gstdmnjt[]_Oiqz®jjk[ij
vε = uεe
dfn
Ωe
©
∫
Ωi
|∇vε|2 dx+ 2
ε
∫
Ωi
∇φδ · ∇vε v̄ε dx+
∫
Ωi
(
−ω2 + ∆φδ
ε
− |∇φδ |
2 − i
ε2
)
|vε|2 dx
=
∫
Ω
f ūεe dx+
∫
Ωe
(
ω2|uεe|2 − |∇uεe|2
)
dx− iω
∫
∂Ω
|uεe|2 ds
2x'` 4
J_jAgs v _'n]lqjt_¡ew
Lε
jt[]_}kdmo[YjA[iun v std v _luDjt[]_p]}k_'edflqgs+_ Ygiuhfdjwo¥ F zyzlo} v dfn]jtl ¦"lo}tlohmhRiu}kw,r¥fu©
jk[]_'}k_#_{rdRsjsi-z'lqnsxjkiqnYj
C
dfn v _'pD_'n v _'nYj±lq
ε
stgz[1jt[iuj
|Lε| ≤ C ‖f‖2L2(Ω) .
n@jt[_lujt[_'}[iqn v ©4jk[iun¨esjkl0dmn]_ YgiuhfdjwO2 4 ©gsxdfn] |b − a| ≥ |b| − |a| ©§5_-[i*q_-jt[]_hfl§5_'}¡Dlqgn v R
∣∣∣∣
|∇φδ |2 − i
ε2
−
(
∆φδ
ε
− ω2
) ∣∣∣∣ ≥
1
ε2
− |∆φδ |
ε
− ω2.
Z$[_'}k_£lq}k_q©Yjiu¨edmn jk[]_^:l v g]hfgslu12y` 4 wedm_yh v s
∣∣∣∣∣∣∣∣
‖∇vε‖2L2(Ωi) −
2
ε
‖∇φδ‖L∞ ‖∇vε‖L2(Ωi) ‖v
ε‖L2(Ωi)
+
(
1
ε2
− ‖∆φδ‖∞
ε
− ω2
)
‖vε‖2L2(Ωi) ≤ C ‖f‖
2
L2(Ω) .
Z$[iun]¨rs5jtl-jk[]_dmn_Ygiuhfdmjwq©
2
ε
‖∇φδ‖L∞ ‖∇vε‖L2(Ωi) ‖v
ε‖L2(Ωi) ≤
1
2
‖∇vε‖2L2(Ωi) +
2
ε2
‖∇φδ‖2L∞ ‖vε‖
2
L2(Ωi)
,
½½ÆT"U9V@WW
   S    	
S) S(
iqn v dmn]_ YgiuhfdjwI2 4 ©
1
2
‖∇vε‖2L2(Ωi) +
(
1
2ε2
− ‖∆φδ‖∞
ε
− ω2
)
‖vε‖2L2(Ωi) ≤ C ‖f‖
2
L2(Ω) .
2x 4
H%dfniuhfhfwq©e£lq}
ε
sx^iqhmhª_yn]lqg]o[1stl-jt[iuj 1
2ε2
− ‖∆φδ‖∞
ε
− ω2 ≥ 1
4ε2
©dmn]_ YgiuhfdjwI2 4 wYdf_'h v s
1
2
‖∇vε‖2L2(Ωi) +
1
4ε2
‖vε‖2L2(Ωi) ≤ C ‖f‖
2
L2(Ω) ,
iqn v jt[]_#jk[]_'lo}t_y^ dfsp]}tlo_'n§djk[
γδ = βδ
stdfnz_



‖uεi‖L2(Ωδ
i
) ≤ exp (−βδ/ε) ‖vε‖L2(Ωi) ,
‖∇uεi‖L2(Ωδ
i
) ≤ exp (−βδ/ε) ‖∇vε‖L2(Ωi) .

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F s,iqn dfhfhmgsxjt}ijkdmlon¯lu$jt[]_
p][]_'nlq^:_'ni0§5_§dRsx[¯jkl¬iuniqhmwrst_q©§5_p]}k_yst_'nYj[]_y}t_stlq^:_neg]^:_'}kdRz'iuh
}k_ystg]hmjksªdfn,  ¥*´lq}k_Ep]}k_yzdRst_'hfwq©§"_Az'lq^:p]grjk_Ejt[]_ v dmD}iqzjtdflqn#lu]idfnzd v _ynojp]hfiqn]_A§$i*q_+p]}klqpiqoiujtdflqn
iqhmlon]-jt[]_
x1
iu{rdfsdfn0jt[_ v df}t_z®jkdmlon
x1 > 0
¡ewiqn¬iu¡stlq}k¡]dfn] v dRsx¨
Ωi
lqEz'_'nYjt_y}±iqn v }ki v dmgsq©
jk[ijdRs$§5_hflelq¨£lo}i:sxlohmgrjkdmlonlqjk[]_#£lq}k^ R
u = exp iωx1 + u
d,
2xQ 4
§[_'}k_jk[]_0jtlqjkiqh _'h v stiujtdRs _s-jt[]_´dfnYjt_y}tdflq}:_Ygiujtdflqn§djk[
f = 0
§[]dfhm_1jk[]_ v dmD}iqzjt_ v _yh v
ud
skijkdfs_ysjk[]_lqgrjkqlodmn]1}i v dRijkdmlon z'lqn v dmjtdflqn¥:Z$[_p]g]hRstiujtdflqn
ω
dRsjkiu¨o_'n _Ygiqh+jtl
4π
§[]dfz[
z'lq}k}t_sxpDlqn v sjtl¬i1§5i*o_'hf_'n]qjt[
λ = 0.5
¥5H]lq}#jk[]_
z'lq^:p]grjijtdflqn©i1[]dfq[]_y}lq} v _'} ndjk__'hf_'^:_'nYj
^:_'jt[]l v §djk[ z'g]}to_ v _yhm_y^:_'nYjksdRs#gsx_ v ¥,Z$[]_-_M_yzjtdfq_zlo^:p]grjkiujtdflqns#iq}t_ }t_ v gz_ v jkl
jk[]_ v dfst¨
lq}i v dfgs
2
jt[iun]¨rs5jtl:jk[]_[]_yhmp0lu+iun1dmnYjk_'q}iuhMjk}kiqn]piq}t_ynoj$¡Dlqg]n v iu}kw
zlon v dmjtdflqn 2Ost_'_N6m * 8 4 ¥
/ n og]}k_ysr¥ Pjtl r¥ Q]©5§5_1}k_'p}t_sx_ynoj:jk[]_´}t_iuhpiq}xjlqjk[]_¬sxlohmg]jtdflqn
u
¥7¦"hf_yiq}thfwq©Jjt[]_@sxlohmgrjkdmlon
pD_'n_jt}ijk_ys"hm_sts"iun v hm_stsJjt[]_dmnYjk_'}kdmlo} v dRsx¨:§[]_ynjt[_iq¡sxlo}tp]jtdflqnzle_ z'dm_ynYj
σ
dfnz_y}kiosx_sJiun v jt[]_
st¨edmn _M_yzj+dRs+zhf_yiq}thfwedfstdm¡hm_o¥Zldfhmhfgsxjt}ijk_Jjk[]_$¡log]n v iq}twhRi*wq_y}y©*§5_5iqhfstl±}k_'p]}k_yst_'nYj%jt[]_5iu}kdfiujtdflqns
lqªjt[]_^:l v g]hmgsJlqªjt[]_±jtlujiuh _'h v iqhmlon]jt[_±hfdmn]_
x2 = 0
Rjt[]__{rpDlqn]_ynojkdfiqh v _z'i*w-luªjk[]_stlqhfgrjkdmlon
dfnstd v _
Ωi
iup]pD_yiq}ks$zhf_yiq}thfwq¥
  	%!#	 & 	 ­	8  !'& + 1	
/ nPjt[]dRs#sx_z®jkdmlon4©M§"_ p]}t_sx_ynYjiu}kdmlogsiup]p]}kl*{rdm^iujt__'{Yjk_'}kdmlo}±¡Dlqg]n v iu}kw0*iqhmg_ p]}klq¡hm_y^/jk[ij#§dfhmh
z[iu}iqz®jk_'}kdm y_iu}kdmlogs"iqp]p]}kl*{rdm^ijkdmlonsAlqªjt[]_:x_{]iqzjG<±stlqhfgrjtdflqn
uεe
dfnjk[]__{ejt_y}tdflq} v lq^iudfn4¥+°Jioz[
»£¼%½4»¿¾
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H%dfqg]}k_1 R1Zlujiuh _'h v £lq}iuniu¡stlq}k¡]dfn]
v dfskzR
σ = 45
¥
H%dfqg]}k_ * RZlujiuh _'h v £lq}iuniu¡stlq}k¡]dfn]
v dfskzR
σ = 156
¥
H%dfqg]}k_
`ER1Zlujiuh _'h v £lq}iuniu¡stlq}k¡]dfn]
v dfskzR
σ = 400
¥
H%dfqg]}k_1 RZlujiuh _'h v £lq}iuniu¡stlq}k¡]dfn]
v dfskzR
σ = 2500
¥
½½ÆT"U9V@WW
*   S    	
S) S(
−2 −1.75 −1.5 −1.25 −1.0 −0.75 −0.5 −0.25 0.0
0
0.2
0.4
0.6
0.8
1
1.2
1.4
1.6
1.8
epsilon = 0.02 
epsilon = 0.05 
epsilon = 0.08
epsilon = 0.15
H%dfqg]}k_Q R PAiu}kdRijtdflqnlu
x1 7→ |u(x1, 0)|
lqAjt[_yst_:iqp]p]}kl*{rdm^ijk_,p]}klq¡hm_y^dRs#^i v _-lu"jt[]_sxjkiqn v iu} v L±_'hf^-[lqhmjt :_YgiujtdflqnPdfn@jt[]_-_{ejt_y}tdflq}
v lq^iudfn
Ωe
©ejt[]_logrjtolqdfn] df^:p_ v iunz_zlon v dmjtdflqn1lqn
∂Ω
©



−∆uε,k − ω2uε,k = f dmn Ωe,
∂nu
ε,k + iωuε,k = 0
lqn
∂Ω,
2xBD 4
iqn v iqn iup]p}tlop]}tdRijk_
GIBC
lqn¢jk[]_
dfnYjt_y}tdflq} ¡log]n v iq}tw
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D̂εϕ(ξ) = Dε(ξ)ϕ̂(ξ), Dε(ξ) = (|ξ|2 − ω2 + i/ε2)− 12 , ImDε(ξ) > 0.
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∀ ϕ ∈ L2(Γ), Im
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ε
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 / ]§5_AdmnYjk}tl v gz'_ N ε := (Dε)−1 ©jk[]_'njk[]_J_'{]iqz®j¡log]n v iq}twz'lqn v djkdmlon
£lo}
uεe
z'iqn¡D_}t_y§}tdmjxjk_'n0iqsR
∂nu
ε
e + N εuεe = 0,
lon
Γ,
2 q 4
/ n0log]}5jt_'}k^:dmnlqhflqqwi ±j 
GIBC
§dmhfh4¡D_lu%jt[]_#£lo}t^ R
∂nu
ε,k + N ε,kuε,k = 0, lqn Γ, 2 *  4
§[_'}k_ N ε,k v _'n]lqjt_sstlq^:_-hmlrz'iqh%iqp]p]}kl*{rdm^ijkdmlon0lu N ε ¥Z$[]_yw¬z'iqn¬¡_ v df}t_z®jkhmw´lo¡rjkiqdmn]_ v £}klq^
Dε,k ¡Ywsx_y_'¨edmn-hflrz'iqhªlqpD_'}ijtlo}ks N ε,k jt[ij£lq}k^iuhfhmwstiujtdRs£w
R
Dε,k =
(
N ε,k
)−1
+O(εk+1).
2 *  4
½½ÆT"U9V@WW
9Q   S    	
S) S(
Z$[__'{rp]}t_ststdflqn
lq N ε,k dRs v _y}tdfq_ v £}klq^£lo}t^iqh4Zi*wehflq}$_{rpiqnsxdflqns"lq (Dε,k)−1 ¥"n]_#q_'jksy©
 ¸ 
k = 2, N ε,2 = α
ε
+ H, 2 *  4
 ¸ 
k = 3, N ε,3 = α
ε
+ H− ε
2α
(∆Γ + H2 −G+ ω2).
2 *S* 4
Z$[_1df^:plo}xjiunYj:plodmnYj[]_y}t_1dfs-jk[ij:jk[]_´}t_sxghjs32O_{rdRsjk_'nz'_q©5g]n]dog_'n]_sts:iun v _y}t}klq}-_ysxjtdf^ijt_s 4sxjkiujt_ v dmn
jt[]_ylq}k_'^ * ¥f£lo}"p]}klq¡hm_y^ 2 2BD 4 © 2 ] 4@4 sxjtdfhmhD[]lqh v £lo}"p]}klq¡hm_y^ 2 2D 4 © 2 *  4 4 ¥  _±}k_£_'}"jtlst_yzjtdflqn Qr¥
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k = 2
 	  
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∀ ϕ ∈ L2(Γ), Im
∫
Γ
ϕ · N ε,2ϕ ds ≤ −
√
2
2ε
∫
Γ
|ϕ|2 ds. 2 * ` 4
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GIBC 
 F s^:_'nYjtdflqn_ v _yiq}thfdm_y}y©]iqn0dm^:pDlq}tjkiunYjp]}klqpD_'}tjwlqjk[]_ :x_{]iqzjG<df^:p_ v iunz_
z'lqn v djkdmlondfs5§[iuj5§5_#sx[iqhmhD}k_£_'}5jkl-ios  % 
	(;
  "	  ¥ / jz'iun¡_£lq}k^iuhfhmw-£lo}t^ g]hfiujt_ v £lq}
Dε 2O}t_sxp4¥ N ε 4 ¡Yw
R
∀ ϕ, Im
∫
Γ
Dεϕ · ϕ ds ≤ 0,
( }t_sxp¥ ∀ ϕ, Im
∫
Γ
ϕ · N εϕ ds ≤ 0
)
.
2 *  4
/ jEdRs+jt[_'}k_£lq}k_ v _ystdm}iu¡hm_"jt[iuj  j 
GIBC
 s2O}t_sxp4¥ ±j 
GIBC
 s 4 p]}k_yst_'}kq_ 2 *  4 ©ud ¥u_q¥%lqpD_'}ijklq}s
Dε,k 2£}k_ystp4¥ N ε,k 4 iupp_iu}kdmn]dfn 2 r 4 2£}k_ystp4¥ 2 *  4 4 pDlosksx_stst_ys+iuniqniuhflqolqgs+iu¡sxlo}tprjkdmlon,p]}klqpD_'}tjwq¥/ n piu}tjtdRzghfiq}y©jt[dfs+§5lqg]h v iqgrjtlo^ijtdRz'iqhmhfw#dm^:p]hfw#jt[_5§5_'hfhmº pDlost_ v n_ysks4lujt[]_$iupp]}tl*{rdf^ijt_"p]}klq¡]hf_'^
£lo}iunew
ε
¥EZ$[]dRsdfs$§[ew§5_st[iuhfh4sti*w:jk[ij±stgz[0i-¡log]n v iq}tw
z'lqn v djkdmlondRs  ) 	 ¥
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/ n0jk[]dRsst_'nst_q©jt[_ st_yzlon v lq} v _y}  j 
GIBC
2 ` 4 dfs±n]luj}tlo¡]gsxjy©§[]dmhf_jk[]_ st_yz'lqn v lo} v _'} ±j 
GIBC
2 *  4 dfsy¥ / n¬lqjt[]_y}±§5lq} v s2 *  4 dfsi}klq¡]gsxj±o_'}sxdflqn1lu!2 ` 4 ¥¦"lqnz'_'}kn]dfn]jt[_jt[dm} v lq} v _'}z'lqn v djkdmlons'©Yn]_ydjk[]_'}5jt[_  j 
GIBC
2 q 4 n]lq}"jt[_ ±j  GIBC 2 *S* 4 dRsJ}klq¡]gsj¥ / n v _'_ v ©elqn]_[iqsjk[]_d v _'nYjtdmjtdf_ysR
∫
Γ
Dε,3ϕ · ϕ ds = α ε
3
2
∫
Γ
|∇Γ ϕ|2 ds+ εᾱ
∫
Γ
[ 1 +
εH
α
− i ε
2
2
(3H2 −G+ ω2) ] |ϕ|2 ds,
∫
Γ
ϕ · N ε,3ϕ ds = α ε
2
∫
Γ
|∇Γ ϕ|2 ds+
ᾱ
ε
∫
Γ
[ 1 +
εH
ᾱ
+ i
ε2
2
(H2 −G+ ω2) ] |ϕ|2 ds.
£}klq^ §[]dfz[1lqn__yiqstdfhmwz'lq^:p]grjk_ys$jk[ij 2O}t_y^-_y^,¡D_'}
α =
√
2
2 + i
√
2
2 4
R



Im
∫
Γ
Dε,3ϕ · ϕ ds =
√
2 ε3
4
∫
Γ
|∇Γ ϕ|2 ds−
ε
√
2
2
∫
Γ
ρε1 |ϕ|2 ds,
Im
∫
Γ
ϕ · N ε,3ϕ ds =
√
2 ε
4
∫
Γ
|∇Γ ϕ|2 ds−
√
2
2ε
∫
Γ
ρε2 |ϕ|2 ds.
§[_'}k_jk[]_#£g]nzjtdflqns
ρεj
zloneq_'}kq_72£g]nd£lo}t^:hfw
lqn
Γ 4 jtl 1 §[]_'n ε jk_'n v jkl:M2 iun v iq}t_jt[egsplYsºdmjtdfq_£lq}
ε
st^iuhfh_'nlqg]o[ 4 ¥±Z$[_p]}klq¡]hf_'^jt[_'n¬dRsjk[ijjt[]_ dmnYjt_yq}iuhRsdfn |∇Γ ϕ|2 zlq^:_§dmjt[Pjt[]_§}klqn-stdmon4¥
F s-§"_1sx[iqhmh5n]l§_'{ephfiqdmn4©Edmj:dfs-pDlosksxdf¡]hf_jtl¯zlonsxjt}kgz®j-}tlo¡]gsxj
GIBC
s lq±lq} v _y} * ¥¢Z$[]_d v _yi
dRsEjkl,gst_±stlq^:_±iqp]p]}klqp]}kdfiujt_|Ei v iup]p}tl*{rdf^:iujtdflqn-luªjk[]_±df^iuqdfniq}tw piu}tjJluMjk[]_±¡Dlqg]n v iu}kw lop_y}xº
iujtlo}ks5jk[ij£lo}t^iuhfhfwqdfq_s5jt[]_,skiu^:_lo} v _y}$luAiup]p}tl*{rdf^:iujtdflqn¡]grj±}k_ysxjtlo}t_#iu¡stlq}kprjkdmlonp]}klqpD_'}tjwq¥
¦"lonstd v _y}5£lq}dfnsjiunz'_#jt[]_  j 
GIBC
lu%lq} v _'} * ¥ / n v _'_ v
ImDε,3 = −ε
√
2
2
(
1 − ε
√
2H + ε
2
2
(3H2 −G+ ω2 + ∆Γ)
)
.
n_#zyiunjt[]_y}t_'£lq}k_£lq}k^:iqhmhfw§}kdjk_
ImDε,3 = −ε
√
2
2
(
1 +
ε2
2
(3H2 −G+ ω2)
)(
1 − ε
√
2H + ε
2
2
∆Γ
)
+O(ε4).
 lujk_±jk[ij©]iqs H2 −G = 14 (c1 − c2)2
©r§[]_'}k_
c1
iqn v
c2
iq}t_±jt[]_j§5l p}tdfnzdfpiqhMz'g]}k*iujtg]}k_ys5iuhflqn
Γ
2 sx_y_sx_z®jtdflqn1`¥f 4 ©]§"_#[i*o_
(1 +
ε2
2
(3H2 −G+ ω2)) > 0.
/ jdRsjt[]_yn stg zdf_'nYj#jtl´st_'_y¨Pi
pDlostdmjtdfq_iup]p}tl*{rdf^:iujtdflqn¬lq
(1 − ε
√
2H + ε22 ∆Γ)
§[]dRz[ zyiun ¡_
lo¡rjkiqdmn_ v ¡Ywzlqnsxd v _'}kdfn],jk[]_#£lq}k^iuhªdfneq_'}st_q©eniu^:_yhmw
1 − ε
√
2H + ε
2
2
∆Γ =
{
1 + ε
√
2H + ε
2
2
(4H2 − ∆Γ)
}−1
+O(ε3).
½½ÆT"U9V@WW
9A   S    	
S) S(
Z$[_'}k_£lq}k_q©
ImDε,3 = −ε
√
2
2
(1 +
ε2
2
(3H2 −G+ ω2)) (1 + ε
√
2H + ε
2
2
(4H2 − ∆Γ))−1 +O(ε4).
F }klq¡gsj  j ±º hfdm¨o_
GIBC
lu%lq} v _'} * dRs$lq¡rjiudfn]_ v ¡ew
}k_'p]hRiqz'dmn Dε,3 ¡ew
Dε,3r := ε
√
2
2
(
1 − ε
2
2
(3H2 −G+ ω2 + ∆Γ)
)
−iε
√
2
2
(1 +
ε2
2
(3H2 −G+ ω2)) (1 + ε
√
2H + ε
2
2
(4H2 − ∆Γ))−1.
2 * Q 4
Z$[dfs$_'{ep}t_ststdmlon
§dfhmh v _gst_ v dmn0p]}iqzjtdRz_#dmn1jk[]_#£lqhfhml§dfn]:sx_ynst_SR
Dε,3r ϕ := ε
√
2
2
(
1 − ε
2
2
(3H2 −G+ ω2 + ∆Γ)
)
ϕ− iε
√
2
2
(1 +
ε2
2
(3H2 −G+ ω2))ψ 2 * D 4
§[_'}k_
ψ
dRsstlqhfgrjtdflqnjtlER
−ε
2
2
∆Γψ + (1 + ε
√
2H + 2ε2H2)ψ = ϕ. 2 * A 4
n_#zyiun1_yiosxdfhmw
q_'}kdm£wjt[iuj
∫
Γ
Dε,3r ϕ ·ϕ ds = −ε
√
2
2
(1 +
ε2
2
(3H2 −G+ω2))
∫
Γ
(1 + ε
√
2H+ ε22H2)|ψ|2 + ε
2
2
|∇Γ ψ|2 ds.2 *  4Z$[_}kdfq[Yj[iun v std v _dRsn]lonpDlostdmjtdfq_£lq}iqhmh
ε
§[]_'nz'_jt[]_iq¡sxlo}tp]jtdflqn
p}tlop_y}xjw£lo} Dε,3r ¥
±Ezlog]}sx_lqn]_zyiun£lqhfhml§ isxdf^:dmhRiu}p}tlrz_ v g]}k_±jkl v _'}kdfq_#}tlo¡]gsxj j  jt[]df} v lo} v _'}
GIBC
¥5Z$[]_
_'{rp]}t_ststdflqn
lqjk[]dfs±zlqn v djkdmlondRs¡iosx_ v lon
jk[]_iupp]}tl*{rdf^ijtdflqn R
ImN ε,3 =
√
2
2ε
(1 +
ε2
2
(H2 −G+ ω2)) {1 − ε
2
2
∆Γ}−1 +O(ε2).
2O`o 4
L±_'nz'_q©]}k_'phfiozdfn] N ε,3 ¡Yw
N ε,3r :=
√
2
2ε
(
1 + ε
√
2H− ε
2
2
(H2 −G+ ω2 + ∆Γ)
)
+i
√
2
2ε
(1 +
ε2
2
(H2 −G+ ω2)) {1 − ε
2
2
∆Γ}−1,
2O` 4
dfn>2 ** 4 odmo_ys4iqn]lujk[]_'}4jt[]df} v lq} v _'} ±j  GIBC ¥%Z$[]dRszlon v dmjtdflqndRs4}klq¡]gsjdfnedm_y§¯lurjt[_E£lqhfhml§dfn]d v _ynojkdjwo©]§[]_y}t_jt[_}tdfq[Yj$[iun v std v _dRsn]lonpDlostdmjtdfq_£lq}iqhmh
ε
©
Im
∫
Γ
ϕ · N ε,3ϕ ds = −
√
2
2ε
∫
Γ
(1 +
ε2
2
(H2 −G+ ω2))
(
|ψ|2 + ε
2
2
|∇Γ ψ|2
)
ds
2£`e 4
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§[_'}k_
ψ
dRsstlqhfgrjtdflqnjtl
−ε
2
2
∆Γψ + ψ = ϕ.
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n
¡_jt[]_dmne§$iu} v n]lq}k^iuh _'h vv _ n]_ v lqn
∂Ωi
iqn v hf_j
δ
¡_iqdfq_yn
pDlostdmjtdfq_zlonsjiunYjz[]lost_'n
jtl¡D_sxgz'dm_ynYjthfw
sx^iqhmh4stl-jt[iuj
Ωδi = {x ∈ Ωi ; dist(x, ∂Ωi) < δ}
zyiun´¡D_ gn]dYg]_yhmw1piq}kiq^-_'jt_y}tdf '_ v ¡Ywjt[_,jiun]o_'nYjtdRiuh%zlelq} v dfnijk_
xΓ
lqn
Γ
iun v jk[]_-n]lq}k^iuhz'lYlo}xº
v dmniujt_
ν ∈ (0, δ) jk[]}klqg]o[
x = xΓ + νn, x ∈ Ωδi .
2O` * 4
J_jgs-n]l§ }k_yzyiuhfhsxlo^-_0zlonz_yprjksiqn v d v _ynojkdjkdm_s-£}tlo^ v dmD_y}t_ynojkdfiqhq_ylq^:_jk}tw 2¿jk[]_´n]lqjtdflqn lq
stg]}tOiqz'_ v dmD_y}t_ynojkdfiqhlop_y}kiujtlo}dfsstg]p]pDlost_ v jkl
¡D_,¨en]l§n´º$sx_y_ 6fq8 4 ¥J4_'j C := ∇Γn v _'nlujt_,jt[]_z'g]}k*iujtg]}k_ jt_'nsxlo}lqn
Γ
¥  _}k_yzyiuhfh+jt[iuj C dfsstwe^:^-_'jt}kdfz:iqn v C n = 0 ¥  _ v _'nlujt_ c1 © c2 jt[]__ydmo_'neiuhfg]_ysAlu C 2Oniu^:_'hfw jt[]_ 
 (.%    )  2  	 )   ioststlrzdRijk_ v §djk[:jkiqn]q_ynojkdfiqh_ydmo_'neq_z®jtlo}ks τ1 ©
τ2
¥
G := c1c2
iun v H := 12 (c1 + c2)
iu}k_#}t_sxpD_yzjtdfq_'hfw:jt[_  )    ( iun v N  (I)  2  	 )   lu
Γ
¥
J_jgs v _n]_#jk[]_#jkiqn]q_ynYjtdRiuhMlqpD_'}ijklq} Rν lqn Γ ¡Yw
(I + ν C(xΓ)) Rν(xΓ) = IΓ(xΓ)
§[_'}k_
IΓ(xΓ)
v _yn]lujk_ysjk[]_p]}klu~_z®jtdflqn@lqpD_'}ijklq}#lqn jt[_:jkiunq_'nYjp]hRiun]_:jkl
Γ
ij
xΓ
¥Z$[_'n¯lqn]_
[iqsC2Ost_'_N6fq8 4
∇ = Rν∇Γ + ∂ν n,
2O`q` 4
§[_'}k_ ∇Γ dRs$jt[_sxg]}tOiqz'_o}ki v df_'nYjlqn Γ ¥ / +lqn]_st_jks
Jν := det(I + ν C) = 1 + 2νH + ν2G,
jk[]_'n©r£}tlo^ dfnojk_'o}kiujtdflqn
¡ewpiu}tj$£lq}k^,g]hRiqs$iun v 2O`q` 4 ©]lqn_o_js
∆ =
1
Jν
v dm
Γ (RνJνRν)∇Γ +
1
Jν
∂νJν∂ν ,
2O`Y 4
½½ÆT"U9V@WW
q   S    	
S) S(
§[_'}k_ v df
Γ
v _'n]lqjt_sJjk[]_sxg}xOioz_ v dmo_'}kq_'nz_±lon
Γ
¥ ±_ n]_jt[]_jkiqn]q_ynYjtdRiuhMlqpD_'}ijklq} M lqn Γ ¡ew
I + νM = Jν(I + νC)
−1.
jk[]_'n´dRs$dmn v _'pD_'n v iqnYj
ν
iqn v lqn]_[ios
CM = GI
Z$[_'}k_£lq}k_q©ed v _'nYjkdjw?2£`Y 4 z'iun1¡D_#jt}iunsx£lq}k^:_ v jkl
∆ =
1
Jν
v df
Γ
(
1
Jν
(IΓ + νM)2
)
∇Γ +
1
Jν
∂νJν∂ν ,
lo}y©rdfn0iun0_Yg]dfiuhf_'nYj$£lq}k^
J3ν ∆ = Jν
v df
Γ (IΓ + νM)2∇Γ −∇Γ Jν · (IΓ + νM)2∇Γ + J3ν ∂2νν + 2J2ν (H + νG) ∂ν
2O`Q 4
Z$[dfshRijxjk_'}#_{rp]}k_yskstdmlon¬dfs#^:lo}t_-zlqneo_'n]df_'nYj£lq}jt[]_iqstwe^:prjtlqjtdRz,^ijz[]dfn]p}tlrz_ v g]}k_q©Mjk[ij#§"_
st[iqhmh v _yskz}kdm¡D_JhRijk_'}©*¡_z'iugsx_A§5_J^i v _Ejt[_ v _yp_yn v _ynz_"lurjt[_JlqpD_'}ijklq}s4zle_ z'dm_ynYjksplohmwen]lo^-dRiuh
§dmjt[0}k_ystp_z®j$jtl
ν
¥
(*) ³ ] µ   ¸   #%y]  F sdj+dfs Yg]dmjt_"gsxgiuh ©*jt[]_ v _'}kdf*iujtdflqnlqrjt[]_$iupp]}tl*{rdf^ijt_J¡log]n v iq}tw
z'lqn v djkdmlonsE§dfhmh]¡D_¡iosx_ v loniuniunskijk iu¡DlqgrjEjk[]_±stlqhfgrjtdflqn©jt[iujJdRs+jtlski*w,iuni#p]}kdflq}kdrpiu}tjtdRzg]hRiu}
£lo}t^ dfn§[]dRz[jt[_stlqhfgrjtdflqndRs"hmlelq¨o_ v £lo}y¥EZl£lq}k^,g]hRijk_jk[]dfs5iunstiujt q©Ydmj"dRsJgst_£ghjkl,dfnYjt}kl v gz_±i
z'grj"lq£gnz®jkdmlon
χ ∈ C∞(Ωi)
stgz[:jt[ij
χ = 1
dfn
Ω
δ/2
i
iun v
χ = 0
dfn
Ωi \Ωδi
¥ / n
lqg]}5iunskijk §"_
iq}t_#n]lqj±dfnojk_'}k_ysxjt_ v ¡ew
(1 − χ)uεi
jk[ij±§5_¨en]l§7jtl v _z}k_yiosx_#_{rpDlqn]_ynYjtdRiuhfhmw
jtl
0
§dmjt[
ε
2£jt[]dRsdRs
jk[]_'lo}t_y^Sr¥  4 ¥ H]lo}+jt[]_$}k_'^iudfn]dfn]#piu}tjElujk[]_stlqhfgrjtdflqn4©q§"_$pDlosxjtg]hRijk_"jk[]_$£lqhfhfl§dmn]_{rpiqnstdmlons%R
uεe(x) = u
0
e(x) + εu
1
e(x) + ε
2u2e(x) + · · ·
£lq}
x ∈ Ωe
2O` D 4
§[_'}k_
u`e
©
` = 0, 1, · · · iq}t_£g]nzjtdflqns v _n_ v lqn Ωe iun v
χ(x)uεi (x) = u
0
i (xΓ, ν/ε) + εu
1
i (xΓ, ν/ε) + ε
2u2i (xΓ, ν/ε) + · · ·
£lq}
x ∈ Ωδi
2O`A 4
§[_'}k_
x
©
xΓ
iun v
ν
iu}k_ios"dfnI2O` * 4 iqn v §[_'}k_ u`i(xΓ, η) : Γ×R+ 7→ C iu}k_£g]nz®jtdflqnssxgz[
jt[iuj
lim
η→∞
u`i(xΓ, η) = 0
£lq}i]¥ _q¥
xΓ ∈ Γ.
2O`o 4
Z$[_hfiujxjk_'}Jz'lqn v dmjtdflqn§dfhfh_'nsxg]}k_jk[ijAjk[]_
u`i
 sJiq}t__'{epDlqn_'nYjtdRiuhfhmw v _yz'}t_iqstdmn§dmjt[
}t_sxpD_yzjAjtl
η
¥
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	1G
χ

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/ njt[_n]_{ej±st_yz®jkdmlon4©r§5_#st[iqhmhªd v _'nYjkd£wjk[]_st_jlu%_Ygiujtdflqns$skijtdRs_ v ¡ew
(u`e)
iun v
(u`i)
iqn v jt[]_
£lo}t^iqhª_{rpiunsxdflqns2O` D 4 iqn v 2O`A 4 §dmhfhª¡_$~gsjkd _ v dmn´st_yzjtdflqn´e¥
/ j§dfhfhª¡_gst_£ghªjtldfnYjt}kl v gz_jt[_n]lujijtdflqn
ũεi (xΓ, η) := u
0
i (xΓ, η) + εu
1
i (xΓ, η) + ε
2u2i (xΓ, η) + · · · (xΓ, η) ∈ Γ × R+,
2 u 4
stl-jt[iuj±iunskijk 72O`A 4 [iqs5jtl¡D_g]n v _'}sjklYl v iqs
χ(x)uεi (x) = ũ
ε
i (xΓ, ν/ε) +O(ε
∞)
£lq}
x ∈ Ωηi .
2 r 4
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  
J_j+gs }sjEzlonsxd v _y}jk[]_$_{ejt_y}tdflq} _'h v
uεe
©udmj%dRs+zhf_yiq}jk[ijE_yioz[lujt[]_5jt_y}t^s
uke
dmn jt[_"_'{epiunstdmlon
skijkdfs_sJjk[]_>2£logrjtolqdfn] 4 L±_'hf^-[lqhmjt _Ygiujtdflqn1dmn Ωe 2Ostdm^:p]hfwstg]¡sxjtdmjtg]jt_>2£` D 4 dfnYjtlM2Q 4 2£d 4@4 R



−∆uke − ω2uke = 0
dmn
Ωe,
∂nu
k
e + iωu
k
e = 0
lqn
∂Ω.
2 q 4
¦"lonz_y}tndmn]jk[]_dfnojk_'}kdmlo} _'h v ©o£}tlo^ 2Qº dmd 4 ©.2 r 4 iun v jk[]_±stg]¡sxjtdmjtgrjkdmlon ν = εη dfn 2£` Q 4 ©Y§5_lq¡rjiudfnjk[]_#£lqhfhfl§dmn]-_Ygiujtdflqn R
∣∣∣∣∣∣∣∣∣∣∣∣
− 1
ε2
J3εη ∂
2
ηηũ
ε
i −
2
ε
J2εη (H + εηG) ∂ηũεi
− Jεη
v df
Γ (IΓ + εηM)2 ∇Γ ũεi + ∇Γ Jεη · (IΓ + εηM)2 ∇Γ ũεi
+ J3εη(−ω2 +
i
ε2
) ũεi = 0
2  * 4
jk[ij±zyiun1¡_}k_yiq}t}iunq_ v dfn1jt[]_#£lohmhfl§dfn]-£lq}k^ i¿jk_'}^,ghjkdmp]hfwedmn¡Yw
ε2
R
∣∣∣∣∣∣
(−∂2ηη + i) ũεi = (1 − J3εη)(−∂2ηη + i) ũεi + 2εJ2εη(H + εηG) ∂ηũεi + ε2ω2J3εηũεi
+ ε2Jεη
v dm
Γ (IΓ + εηM)2∇Γ − ε2 ∇Γ Jεη · (IΓ + εηM)2∇Γ ũεi .
2 ` 4
¦"lonstd v _y}tdfn] jt[iuj
Jν
dfsi-pDlqhfwen]lq^:dRiuhªlu v _yq}k_'_,dfn
ν
© 2 ` 4 zyiun1¡_}k_'§}kdmjxjt_yn1ios%R
(−∂2ηη + i) ũεi =
8∑
`=1
ε`A` ũεi ,
lqn
Γ × R+, 2 q 4
½½ÆT"U9V@WW
o   S    	
S) S(
§[_'}k_ A` iu}k_sxlo^:_piu}tjtdRiuh v dmM_'}k_'nYjtdRiuh]lop_y}kiujtlo}ks%dfn (xΓ, η) jt[iuj"iu}k_$dmn v _'pD_'n v _'nYjJlu ε ¥ H]lq}k^iuhd v _ynojkd Dz'ijkdmlonodmo_ysy©ri¿jt_y}}ijt[_'}$hm_yn]ujk[ewjt[iqn´zlq^:p]hfdRz'ijk_ v z'iqhfz'g]hfiujtdflqnsy©
A1 = 2H ∂η − 6η H (−∂2ηη + i)
2 SQ 4
A2 = ∆Γ + ω2 + 2η (G+ 4H2)∂η − 3η2 (G+ 4H2)(−∂2ηη + i)
2  D 4
A3 = 2η
[
H∆Γ +
v df
Γ (M∇Γ ) −∇Γ H · ∇Γ + 3ω2H
]
+ 4η2 H
[
(3G+ 2H2) ∂η
]
− 4η3 H (3G+ 2H2) (−∂2ηη + i)
2 SA 4
A4 = η2
[
G ∆Γ + 4H
v dm
Γ (M∇Γ ) +
v df
Γ (M2∇Γ )
]
− η2
[
∇Γ G · ∇Γ + 4∇Γ H · (M∇Γ ) − 3ω2(G+ 4H2)
]
+ 4η3 G (G+ 4H2) ∂η − 3η4 G (G+ 4H2) (−∂2ηη + i)
2 q 4
A5 = 2η3
[
G
v dm
Γ (M∇Γ ) + H
v df
Γ (M2∇Γ )
]
− 2η3
[
∇ΓG · (M∇Γ ) + ∇Γ H · (M2∇Γ ) − 2ω2 H (3G+ 2H2)
]
+ 10η4 G2H ∂η − 6η5 G2H (−∂2ηη + i)
2Qo 4
A6 = η4
[
G
v dm
Γ (M2∇Γ ) −∇ΓG · (M2∇Γ ) + 3ω2G(G+ 4H2)
]
+ 2η5 G3∂η − η6 G3(−∂2ηη + i)
2Q 4
A7 = 6η5 ω2G2H
2Qo 4
A8 = η6 ω2G3
2Q * 4
Z$[_'}k_£lq}k_q©^:iq¨edmn]0jk[]_stg]¡sxjtdmjtgrjkdmlon 2 u 4 dmn¯_ ogijtdflqn 2 q 4 iqn v _Ygijkdmn0jt[]_jk_'}k^s#lustiq^:_lo} v _'}dfn
ε
©§5_lq¡rjiudfn´iun´dfn v gzjtdflqn´lqn
k
jk[ijiqhmhfl§sgsjtl}k_yz'g]}sxdfq_yhmw v _jt_y}t^:dfn]_jk[]_
uki
 s±iqs
£gnz®jkdmlonslu
η
¥  djk[0jt[]_z'lqneq_ynojkdmlon
uki ≡ 0
£lq}
k < 0
©lqn]_z'iqn§}kdmjt_#djdfn1jt[]_#£lo}t^
(−∂2ηη + i) uki =
8∑
`=1
A` uk−`i ,
lon
Γ × R+, 2Qu` 4
£lo},iuhfh
k ≥ 0 ¥3H]lo},iunew k ≥ 0 ©lqn]_ioststg]^:_:jt[ijjk[]__'h v s uli iun v ule iu}k_-¨en]l§n £lo} l < k ©2Qu` 4 zyiunP¡D_sx_y_'n iqs#iun@lq} v dmniu}kw v dmM_'}k_'nYjtdRiuh+_Ygiujtdflqn@dmn η £lq} η ∈ [0,+∞[ §[]lYsx_ g]n]¨en]l§n
η 7→ uki (xΓ, η)
2OZ$[]_*iq}tdRiu¡hm_
xΓ
[iqs,p]g]}k_'hfwPjk[]_
}klqhf_lui´piu}iu^:_jk_'} 4 ¥ F s,jt[]dRs_ Ygijkdmlon¢dfs
»£¼%½4»¿¾
 
		 !"#$%	 &'(
)"%	$  *
lqlq} v _'} ]©+dmn i v]v dmjtdflqn¢jkl´jt[]_1zlon v dmjtdflqn ij dmnn]djw 2O`o 4 ©jk[]_stlqhfgrjkdmlon¢lu2Qq` 4 §dmjt[ }k_ystpD_yz®jjkl
η
}k_Yg]df}t_slon]_ dfn]dmjtdRiuhEzlon v dmjtdflqnPiuj
η = 0
¥Z$[]dRs#zlqn v djkdmlon¬§dfhmh+¡D_ p]}kled v _ v ¡ew´lqn]_ luAjk[]_
j§5ldfnYjt_'}tOiqz'_,zlon v dmjtdflqns 2Quº ed 4 iun v 2Qº  4 ¥  _-z[]lelost_[]_'}k_jklgst_jt[_ zlon v dmjtdflqn 2Q*º  4 §[]dRz[p}tled v _ysgs iPn]lqn¢[]lo^:lqq_yn]_'logs  _'g]^iunn zlon v dmjtdflqn iuj
η = 0
§[]lYsx_}kdfq[Yj,[iqn v std v _§dmhfh
¡D_qdfq_yn
¡ewjk[]__{ejt_y}tdflq} _yh v
uk−1e
©rniu^:_yhmw2 sxg¡sjkdjkgrjt_>2O` D 4 º2£`A 4 dmnYjtlM2Q*º  4 iqn v d v _ynojkd£w
jt[]_st_'}kdf_ys$i¿jk_'}$jt[_z[iun]o_#luiq}tdRiu¡]hf_
ν = εη 4
∂ηu
k
i (xΓ, 0) = ∂nu
k−1
e |Γ(xΓ), xΓ ∈ Γ.
2Qo 4
 dmjt[­sxgz[ i´z[lqdRz_q©jt[_
lujk[]_'} zlqn v djkdmlon 2Quº ed 4 §dmhfh$sx_y}to_:ios,i´nlqn¢[]lo^-loq_yn]_'logs ±df}kdfz[]hf_j¡Dlqgn v iu}kw
z'lqn v dmjtdflqn£lq}$jk[]__{ejk_'}kdmlo} _'h v
uke
©rjkl:z'lq^:p]hf_jk_>2 q 4 R
uke |Γ(xΓ) = uki (xΓ, 0), xΓ ∈ Γ.
2QSQ 4
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 _
iq}t_dfnYjt_'}k_ysxjt_ v dmn¢o_jxjkdmn¬iuniqhmwYjtdRz:_{rp]}k_yskstdmlon@£lo}jt[_ :dfnYjt_y}tdflq} _yh v s <
uki
¡ew sxlohmedfn]0jt[]_
¡Dlqgn v iu}kw-p]}tlo¡]hf_'^ 2£dfnjt[]_iu}kdfiq¡]hm_
η 4 ^:i v _±lq'2Qu` 4 © 2QY 4 iqn v 2£`Y 4 ¥EZl,stdm^:p]hfd£w:jk[]_n]lqjkiujtdflqn4©§5_sx[iuhfh4sx_'jR
duki (xΓ) := ∂ηu
k
i (xΓ, 0), xΓ ∈ Γ.
2Q D 4
sxdfn] sjiun v iq} v jk_yz[]ndYg]_s£lo} hfdmn_yiu} v dmD_y}t_ynojkdfiqh"_ Ygijkdmlons 6 8 ©Edj:dfs _yiosxw@jtl@p]}klq_jk[ij-jt[]_
stlqhfgrjkdmlon
uki
dRs$lu%jt[_#£lq}k^3R
uki (xΓ, η) = P
k
xΓ(η) e
−α η 2QSA 4
£lo}iuhfh
k ≥ 0 ©r§[]_y}t_ P kxΓ
dRsi,pDlqhfwen]lq^:dRiuhM§djk[0}t_sxpD_yzj"jkl
η
lu v _yq}k_'_¨§[]lYsx_#zle_z'dm_ynojs$iu}k_
p}tloplo}xjkdmloniuhjkl
du0i
© · · · © duk−1i
2O}t_y^-_y^,¡D_'}
α =
√
2
2 +i
√
2
2 4
¥+´lq}k_Ap]}k_yz'dfst_'hfwq©jt[_yst_JpDlqhfwYnlq^:dfiqhfs
skijkdfsx£w
i 2Oi n]_ 4 dfn v gzjtdflqn0lu%lq} v _'}A©rlujt[]_#£lo}t^ R
P kxΓ(η) = −
1
α
duk−1i (xΓ) + Lk
(
P k−1xΓ (η), ..., P
k−7
xΓ (η)
)
§[_'}k_ Lk dfsi-hfdmn_yiu}$£lo}t^/lqn C7 §[]lYsx_zle_ z'dm_ynYjksiu}k_#hmdfn]_iu}dfnjk[]_ duli(xΓ)  sy¥  _,st[iuhfhªn]lujodmo_#[]_'}k_#jt[]__'{rp]}t_ststdflqn1lu Lk £lq}±iqnew k ¡]grj±}k_ysxjt}kdfzjlqg]}st_'hfq_ys"jkl:jt[]_ }sxj£lqg]}£gnz®jkdmlons uki
½½ÆT"U9V@WW
u`   S    	
S) S(
2£jt[]dRsdRssxgz'dm_ynYj£lq}
GIBC
 sgpjkllq} v _'}
3 4
u0i (xΓ, η) = 0
2Qo 4
u1i (xΓ, η) = −
1
α
du0i (xΓ) e
−αη 2D 4
u2i (xΓ, η) =
{(
− 1
α
du1i (xΓ) +
H
α2
du0i (xΓ)
)
+ η
H
α
du0i (xΓ)
}
e−αη
2De 4
u3i (xΓ, η) =
{
− 1
α
du2i (xΓ) +
H
α2
du1i (xΓ)
− 1
2α3
(3H2 −G+ ω2) du0i (xΓ) −
1
2α3
∆Γ[du
0
i ](xΓ)
+ η [
H
α
du1i (xΓ) −
1
2α2
(∆Γ −G+ 3H2 + ω2) du0i (xΓ) ]
+ η2
1
2α
(G− 3H2) du0i (xΓ)
}
e−αη
2Du 4
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J_j:gs}sjz[]_yz¨¢dfn v gz®jtdfq_yhmw¯jk[ij©Jsxjkiu}tjtdfn]@£}tlo^
u0i = 0
iun v
u0e
stlqhfgrjkdmlon lu±jt[]_1_{ejt_y}tdflq}
df}tdRz[]hf_j±p]}klq¡hm_y^ jt[__yh v s
uke
iqn v
uki
iq}t_§5_'hfh v _n]_ v ¥ F sksxg^-_jt[iuj
u`e
iqn v
u`i
iu}k_¨en]l§n
£lo}
` ≤ k − 1 ¥EZ$[]_#jt[_ du`i
 siu}k_¨Ynl§n¡ew2Q D 4 © uki dRs v _jk_'}k^-dfn]_ v ¡ewjk[]__{rp]hfdfz'dj_'{rp]}t_ststdflqn2QSA 4 2 iun v ^:lq}k_$p]}t_zdRsx_yhmw>2Qq 4 jkl;2 Du 4 £lq} k = 0, 1, 2, 3 4 ¥Z$[]_yn4© uke dRs v _jk_'}k^:dmn]_ v ios%jt[]_gn]dYg]_stlqhfgrjkdmlonlqjt[_¡log]n v iq}twiqhmg]_#p]}klq¡hm_y^ 2£§dmjt[
f0 = f
iun v
fk = 0
£lo}
k ≥ 1 4 R



−∆uke − ω2uke = fk,
dfn
Ωe,
∂nu
k
e + iωu
k
e = 0,
lqn
∂Ω,
uke = u
k
i |η=0 ,
lqn
Γ.
2D * 4
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f
 5$  %	=)9S"	 $I (
Ωe
M )"$3 (.)"%	  2 %  $  	  (.   
%   
	7  
S)    	  	  	
uke
   N9	 $) (.%	( (  (
 
 $6"9 @
Γ
 (.
uke(xΓ, 0)
   %
 N9	C$) (
	 (
Z$[_
GIBC
lu%lq} v _'}
k
dfs$lo¡rjkiqdmn_ v ¡ew
zlonsxd v _y}tdfn] jt[]_#jk}tg]nz'ijk_ v _{rpiqnsxdflqn R
ũε,k :=
k∑
`=0
ε`u`e
2D*` 4
»£¼%½4»¿¾
 
		 !"#$%	 &'(
)"%	$ o
iosiun0iup]p}tl*{rdf^:iujtdflqnlulo} v _'}
k
lu
uεe
¥
Hlq}_'{riq^:p]hm_o©£lo}
k = 0
©%§"_:[i*o_
ũε,k = u0e
iqn v £}tlo^ _ ogijtdflqns;2QSQ 4 iun v 2Qq 4 ©§5_ v _ v gz_jk[ij
ũε,k = 0
lqn
Γ
¥ / n¬jk[]dRszyiqst_,§5_-st_j
uε,k = ũε,k
iun v ©4iqs_'^:p][iosxdf '_ v dfnP}k_'^iu}k¨ * ¥mq©ªjt[]_
df}tdRz[]hf_jzlon v dmjtdflqn R
uε,k = 0,
lqn
Γ,
2 Dq 4
dRsi jt[]_
GIBC
lu%lq} v _'}
0
¥
Hlq}1hfiq}to_'}
k
©iqn]lujk[]_'}0iupp]}tl*{rdf^ijtdflqn«dRs0n]_y_ v _ v ¥ Z$[]_¯p]}kdmnz'dmphm_ lujk[]_ zyiuhRzg]hRijkdmlon dRsjt[]_
£lohmhfl§dfn]¥ ±stdfn]-jt[]_st_yz'lqn v dmnYjk_'}tOiqz_z'lqn v dmjtdflqn©rniu^:_'hfw2Qº dm 4 ©rlon]_[ios
ũε,k|Γ(xΓ) =
k∑
`=0
ε`u`i(xΓ, 0)
£lq}
xΓ ∈ Γ.
2DQ 4
brg]¡sxjtdmjtgrjkdmn]_'{rp]}t_ststdflqns2Qo 4 º2 Dq 4 dfnojkl 2 DQ 4 hm_i v s5jkli:¡log]n v iq}twz'lqn v dmjtdflqn0lqjt[_#£lq}k^
ũε,k + Dε,k ∂nũε,k = εk+1 gεk
lon
Γ,
§djk[
gεk = O(1)
2 DD 4
§[_'}k_ Dε,k dRsstlq^:_¡log]n v iq}twlop_y}kiujtlo}y¥+Z$[]_- / 0¦«lqlq} v _y} k jt[ij v _ n]_ys uε,k 2£n]lqj ũε,k 4 dfsjk[]_'n0lo¡rjkiqdmn]_ v ¡ewn_'qhf_yzjtdfn]-jt[]_}kdfq[Yj[iun v std v _lq12DSD 4 ¥
¡]jkiudfn]dfn]K2 DD 4 dfsjk[]_p]g]}k_iuhfq_y¡]}kiqdfz piq}xjlu"jt[]_§5lq}k¨¬iun v §5_sx[iuhfhEn]lujqdfq_-jk[]_ v _jiudfhfs#lqjk[]_,z'lq^:p]grjijtdflqns§[]dRz[0iq}t_sxjt}iudfq[Yjt£lq}k§5iq} v iqn v zlog]h v ¡D_,iqgrjtlo^:iujtdf '_ v ¥  lujt_[l§"_yq_'}$jk[ij
jk[]_'df}#zlq^:p]hf_{rdmjw´dmnz}k_yiqst_ys±}kiqp]d v hmw0§dmjt[
k
¥CH]lq}
k ≤ 3 ©Mjk[]_-}t_i v _y}±§dfhmhEz[]_z¨1_iqstdmhfw1jt[iujjk[]_lop_y}kiujtlo}ks Dε,k  siq}t_jt[_lqn]_s5iqn]n]log]nz_ v dfn´sx_z®jkdmlon * ¥miun v jk[ij$jk[]_ gεk  siu}k_odmo_'n1¡ew.R



gε1 =
1
α
∂nu
1
e,
gε2 =
1
α
∂nu
2
e + i H ∂n(u1e + εu2e),
gε3 =
1
α
∂nu
3
e + i H∂n(u2e + εu3e)
− 1
2
[ ∆Γ∂n + (3H2 −G+ ω2)∂n ]
(
u1e + εu
2
e + ε
2u3e
)
.
2DA 4
   %%¤!&1!®'  	  ,	 ;=
g}qloiqhMdmn1jt[dfsst_yzjtdflqn1dfs5jkl_ysxjtdf^ijt_jk[]_ v dmD_y}t_ynz_
uεe − uε,k
2D 4
½½ÆT"U9V@WW
SQ   S    	
S) S(
§[_'}k_
uε,k
dfs,jt[]_1sxlohmg]jtdflqn lq5jk[]_0iup]p]}kl*{rdm^iujt_p]}klq¡]hf_'^ 2@2xBD 4 ©2 ] 4@4 ©E§[]lost_§5_'hfhº pDlost_ v n]_sts§dfhfh%¡D_sx[l§n¬dmn sx_z®jkdmlon r¥  2Ohm_y^:^:i0r¥ ` 4 ¥ / j#iqp]pD_yiu}sn]lqnPjt}kdmedRiuh%jtl1§"lo}t¨ v df}t_z®jkhmw´§dmjt[@jt[]_v dM_'}k_'nz'_
uεe − uε,k
©§5_sx[iqhmhEgsx_:jk[]_:jt}kg]nzyijt_ v st_'}kdf_ys
ũε,k
dfnYjt}kl v gz_ v dfn¢sx_z®jkdmlon@`¥ `0iqsiqn
dfnYjt_y}t^:_ v dfiujt_ YgiunYjtdmjwq¥EZ$[]_y}t_'£lq}k_q©ejk[]__'}k}tlo}5iqniuhfwrsxdRs5dfs±sxp]hfdmjdmnYjtl-j§5lsjk_'psR
q¥$°Jsxjtdf^:iujt_jt[_ v dM_'}k_'nz'_
uεe − ũε,k
 jt[]dRs$dRsJjk[]_#lq¡r~_z®j$lu+sx_z®jtdflqn0r¥fu©]iun v ^:lq}k_p}t_zdRsx_yhmw
lu+hm_y^:^:i]¥miun v z'lq}klqhfhfiq}twr¥fu¥
r¥$°Jsxjtdf^:iujt_±jt[]_ v dM_'}k_'nz_
ũε,k −uε,k  jt[]dRs"dfsJjt[]_lq¡r~_z®jJlqsx_z®jkdmlon
r¥ iun v ^:lo}t_p}t_zdRsx_yhmwlu+hm_y^:^:i]¥ Qr¥
°"sjkdm^ijk_yslqjk[]_'lo}t_y^ * ¥fiu}k_±jk[]_'n´i v df}t_z®jzlonst_Yg]_'nz_#lu+zlq}klqhfhRiu}kw]¥miqn v hf_'^:^ir¥ Qr¥
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GIBC
 (.1   
$ 2      ("; ("	  
%
k
   %"
k = 0
'	 $$(
N	   ) %%    (.$
ũε,k = uε,k

      	 $%&
 
         	     
   

J_jgsdfnYjt}kl v gz_jk[]_#£g]nzjtdflqn
ũε,kχ (x) : Ω 7→ C
stgz[
jk[ij
ũε,kχ (x) =



k∑
`=0
ε`u`e(x),
£lo}
x ∈ Ωe,
χ(x)
k∑
`=0
ε`u`i(xΓ, ν/ε)
£lo}
x ∈ Ωi,
2Aq 4
§[_'}k_
χ
©
xΓ
iun v
ν
iu}k_ios$dmn´st_yzjtdflqn1`¥fu¥AZ$[]_^iudfn}k_ystg]hmjlu%jt[]dRsst_yz®jkdmlondRsR
"³       (E; ("	  
 %
k
'	)" 7'%S 	  $( 	  (E	
Ck
 (."%(.S%("	@
ε
)"03	  	
‖uε − ũε,kχ ‖H1(Ω) ≤ Ck εk+
1
2 ,
‖uε − ũε,kχ ‖L2(Ωi) ≤ Ck εk+
3
2 ,
‖uε − ũε,kχ ‖L2(Γ) ≤ Ck εk+1.
2A] 4
 lujk_jt[iujJjk[]dfs"df^-^:_ v dfiujt_yhmw:qdfq_sAiun
O(hk+1) H1(Ωe)
º _'}k}klq}E_ysxjtdf^ijk_£lq}Jjt[]_1:_'{ejt_'}kdflq} _yh v <$R
  ¸  ¸ ! !Or µ     (E; ("	  
%
k
'	 %  '% $	  $("$	  (E	
C̃k
 (
S  %(.(E	1@
ε
$)"0 	  	
‖uε − ũε,k‖H1(Ωe) ≤ C̃k εk+1.
2Ao 4
-  @( bedf^:p]hmw§}tdmjt_
uε − ũε,k = uε − ũε,k+1 + εk+1uk+1e§[dfz[1wedm_yh v sy©stdmnz_
uε,k+1 = uε,k+1χ
dmn
Ωe
©
‖uε − ũε,k‖H1(Ωe) ≤ ‖uε − ũε,k+1χ ‖H1(Ωe) + εk+1 ‖uk+1e ‖H1(Ωe),
»£¼%½4»¿¾
 
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 !"#$%	 &'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$  D
jk[ijdRs5jtlski*wq©Yjk[iun]¨rs5jkl:jt[]_ }sxj$_sjkdm^iujt_#lu+hm_y^:^:i]¥mR
‖uε − ũε,k‖H1(Ωe) ≤ Ck εk+
3
2 + εk+1 ‖uk+1e ‖H1(Ωe) ≤ C̃k εk+1.

	³  r    
k = 0
 (.$
ũε,0χ = 0
 ("$
Ωi
G4   0 (.3S$)"$ $  	)";%$$(.
	   	 7G=  ;	)  	 ‖uε‖L2(Ωe) ≤ C ε 32 .
 _Jst[iuhfhup]}klq_ }ksxji$jt_z[]n]dRz'iqhjt}iqz'_Ehm_y^-^i2Ohm_y^:^:ir¥  4 iun v i$£g]n v iq^:_'nYjkiqhqsjiu¡]dfhfdjw_ysxjtdf^ijt_2Ohm_y^:^:i]¥ * 4 jt[iujz'lqnsxjtdmjtg]jt_ysjt[]_¡iosxdRzdmnq}k_ v df_'nYj$jtl-jt[_p]}tlelqlu+hf_'^:^i:]¥mq¥
"³    %	
O
$  $) (.S$ "%( %%	 G
Rn
  	)
C1
$) (.   	 %( 	 % 16% 	   ( 	  ("	
C
"%(. ( 
 (
O
(" N)"0 	  	
‖u‖2L2(∂O) ≤ C
(
‖∇u‖L2(O) ‖u‖L2(O) + ‖u‖2L2(O)
)
,
   
u ∈ H1(O). 2A * 4
-  @(KF skstg]^:_ }sjEjk[ij
O = Rn+ := {x ∈ Rn ; xn > 0}
iqn v hm_'j
u
dfn
C∞(Rn+)
§djk[
zlo^:piqzj
stg]p]pDlq}tjy¥J¡eedmlogsthmw
|u(x′, 0)|2 = −2
∫ ∞
0
u
∂u
∂xn
dxn.
Z$[_'}k_£lq}k_q©egstdfn]brz[e§5iq}t dmn_Ygiuhfdmjwq©
‖u(·, 0)‖2L2(Rn−1) ≤ ‖∇u‖L2(Rn+) ‖u‖L2(Rn+).
2Au` 4
sxdfn]±jt[]_ v _'nsx_yn]_yskslq
C∞(Rn+)
£g]nzjtdflqns%§dmjt[-zlq^:pioz®j+sxg]pplo}xj%§"_ v _ v gz_"jt[iujjt[_"p]}k_'edflqgs
dfn]_ ogiuhfdjw@[]lqh v s£lo} iqhmh
u ∈ H1(Rn+)
¥  l§ hf_j
O
¡D_¡Dlqg]n v _ v lop_yn sx_'j,lu
Rn
iqn v hf_j
χ
i
C∞(Ω)
zgrjlq´£g]nzjtdflqn´sxgz[
jk[ij
χ(x) = 1
d
dist(x, ∂O) < η/2
iun v
χ(x) = 0
d
dist(x, ∂O) > η
£lo}i1stg zdf_'nYjthfw´sx^iuhfh
η > 0
¥ ±stdfn]
hflrz'iuh+piq}kiq^:_jt}kdRz}t_yp]}k_yst_'nYjkiujtdflqns±lu
suppχ
©D§5_ v _ v gz_
£}klq^ 2Au` 4 jt[]__'{edRsxjt_'nz_#luEi:zlqnsjiunYj C v _yp_yn v dfn]lqn ∂O iqn v η sxgz[jt[ij
‖u‖2L2(∂O) ≤ C ‖∇(χu)‖L2(O)‖χu‖L2(O),
§[_'nz'_jk[]_}k_ystg]hjlqjk[]_hm_y^:^:i-§dmjt[´i v dmD_y}t_ynYjz'lqnsxjkiqnYj
C
¥

"³      %	
vε ∈ H1(Ω)   	 #$ ( 

{ −∆vε − ω2vε = 0,  ( Ωe,
∂nv
ε + iωvε = 0,
(
∂Ω,
2Ao 4
½½ÆT"U9V@WW
SA   S    	
S) S(
 (.>	)"  . 	    	



∣∣∣∣
∫
Ω
(
|∇vε|2 − ω2|vε|2
)
dx + i
(∫
∂Ω
ω|vε|2 ds+ 1
ε2
∫
Ωi
|vε|2 dx
)∣∣∣∣
≤ A
(
εs+
1
2 ‖vε‖L2(Γ) + εs ‖vε‖L2(Ωi)
)
,
2ASQ 4
C%; (.(I(. 
  	  2 N$("$	  (E	
A
 (.
s
 (.S "(
S%("	G
ε
  %(?	)" 7'%S 	  $("	  ("	
C (
S  %(.(E	1@
ε
$)"0 	  	
‖vε‖H1(Ω) ≤ C εs+1, ‖vε‖L2(Ωi) ≤ C εs+2, ‖vε‖L2(Γ) ≤ C εs+
3
2 ,
2A D 4
)(9 %(E	=N$   
ε

-  @(  _}ksxjp]}klq_:¡ew@zlonYjt}i v dRz®jkdmlonPjk[ij ‖vε‖L2(Ω) ≤ C εs+1 ¥1Z$[]dRsdfsjt[]_^iqdmn sxjt_yp lqjk[]_-p]}tlelq¥ J4_'j
wε = vε/‖vε‖L2(Ω)
iun v ioststg]^:_jk[ij
λε := ε−s−1‖vε‖L2(Ω)
dRsg]ne¡log]n v _ v iqs
ε→ 0 ¥+°Jsxjtdf^ijt_>2ASQ 4 2£n]lqjtdRz_dmjdfsnluj[]lq^:loq_'n_'lqgs"dfn vε 4 wedf_'h v s



∣∣∣∣
∫
Ω
(
|∇wε|2 − ω2|wε|2
)
dx + i
(∫
∂Ω
ω|wε|2 ds+ 1
ε2
∫
Ωi
|wε|2 dx
)∣∣∣∣
≤ A
λε
(
ε−
1
2 ‖wε‖L2(Γ) + ε−1 ‖wε‖L2(Ωi)
)
.
2ASA 4
Hlq}%stiq¨q_AlqzlqnzdRsx_yn]_ysks'©*§5_A§dfhmh v _yn]lujk_J¡ew
C
ipDlostdjkdmo_JzlonsjiunYj§[lost_Aiuhfg]_J^i*w#z[iun]o_E£}klq^
lon]_:hmdfn]_jkl´iun]lqjt[]_y}¡]grj,}k_'^iudfns#dfn v _yp_yn v _'nYj,lq
ε
¥>Hlq}dfnsxjkiunz_q© 2AA 4 wedm_yh v sdmn¯piq}xjkdfz'g]hfiq}y©stdfnz_
1/λε
dRs$¡log]n v _ v ©
‖wε‖2L2(Ωi) ≤ C ε
3
2 ‖wε‖L2(Γ) + C ε‖wε‖L2(Ωi).
 _{ejy©§"_#gst_CJ4_'^:^ir¥ ,§djk[ O = Ωi jkl:q_j
‖wε‖2L2(Ωi) ≤ C ε
3
2 ‖wε‖
1
2
L2(Ωi)
(
‖wε‖
1
2
L2(Ωi)
+ ‖∇wε‖
1
2
L2(Ωi)
)
+ C ε‖wε‖L2(Ωi),
§[dfz[1wedm_yh v sy©iu¿jt_'} v dmedRsxdflqn1¡ew ‖wε‖ 12L2(Ωi)
©
‖wε‖
3
2
L2(Ωi)
≤ C1 ε‖wε‖
1
2
L2(Ωi)
+ C2 ε
3
2 ‖∇wε‖
1
2
L2(Ωi)
.
2Aq 4
sxdfn] Alog]n]  s dmn_Ygiuhfdmjw
ab ≤ 2/3 a3/2 + 1/3 b3 §dmjt[ a = K−1ε iun v b = K ‖wε‖ 12L2(Ωi)2O§[]_'}k_
K
dfsi-pDlostdjkdmo_zlqnsjiunYj$jtl:¡_ {e_ v hfiujt_'} 4 §"_zyiun1§}tdmjt_
ε‖wε‖
1
2
L2(Ωi)
≤ 2
3
K−
3
2 ε
3
2 +
K3
3
‖wε‖
3
2
L2(Ωi)
.
2 q 4
¦"[lYlYsxdfn]
C1K
3 = 3/2
iun v stg]¡sxjtdmjtg]jtdfn] 2Aq 4 dfnYjtlM2Oo 4 ©§"_ v _ v gz_i}sxj$^iqdmn1dmn_Ygiuhfdmjwq©
‖wε‖
3
2
L2(Ωi)
≤ C ε 32
(
1 + ‖∇wε‖
1
2
L2(Ωi)
)
.
2 ] 4
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 !"#$%	 &'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$ q
 l§©rlq¡st_'}kq_jt[ij±iunlujt[_'}zlonsx_ Yg]_'nz'_#lu 2ASA 4 dRsy©sxdfnz'_ ‖wε‖L2(Ω) = 1 ©
‖∇wε‖2L2(Ω) ≤ C
(
1 + ε−
1
2 ‖wε‖L2(Γ) + ε−1‖wε‖L2(Ωi)
)
.
2 o 4
njt[_lujt[_'}[iqn v ©]gstdfn]:hm_y^-^ir¥ ,lonz_iqoiudfn4©e§5_[i*q_
ε−
1
2 ‖wε‖L2(Γ) ≤ C ε
1
2
{
ε−1‖wε‖L2(Ωi)
}
+ C
{
ε−1‖wε‖L2(Ωi)
} 1
2 ‖∇wε‖
1
2
L2(Ωi)
,
§[dfz[4©e£lo}
ε
¡Dlqg]n v _ v ©dm^:p]hfdm_s'©gsxdfn]M2OY 4 ©
‖∇wε‖2L2(Ω) ≤ C + C
{
ε−1‖wε‖L2(Ωi)
} (
1 + ‖∇wε‖
1
2
L2(Ωi)
)
.
2  * 4
¦"lo^:dmn]:¡ioz¨:jtl 2 ] 4 ©]§"_ v _ v gz'_#jt[iuj
ε−1‖wε‖L2(Ωi) ≤ C
(
1 + ‖∇wε‖
1
3
L2(Ωi)
)
,
2 u` 4
jk[ij§5_#gst_dfnK2O * 4 jtllo¡rjkiqdmn
‖∇wε‖2L2(Ω) ≤ C
(
1 + ‖∇wε‖
2
3
L2(Ωi)
)
.
Z$[dfsdf^:p]hfdm_sdfn«piu}tjtdRzg]hRiu}:jk[ij ‖∇wε‖L2(Ω) dRsg]nd£lo}t^:hfw ¡Dlqg]n v _ v §dmjt[«}k_ystp_z®jjtl ε iun vjk[]_'}k_£lo}t_
wε
dRs,i¬¡Dlqgn v _ v sx_ og_'nz'_lu
H1(Ω)
¥ p jtlPiqn _{ejt}iqzjt_ v sxg]¡sx_ og_'nz'_q©+lqn]_z'iun
jk[]_'}k_£lo}t_:iqskstg]^:_ jk[ij
wε
z'lqneq_y}to_ys§"_iu¨ehfw´dmn
H1(Ω)
iun v sxjt}klqn]ohmw
L2(Ω)
jtl´sxlo^:_
w
§dmjt[
‖w‖L2(Ω) = 1
¥
H}tlo^ 2O] 4 ©ª§5_ v _ v gz'_,jk[ij w = 0 dfn Ωi ¥-nPjt[]_-lujk[]_'}[iun v ©Mjkiq¨Ydfn]jt[]_-§5_yiu¨0hfdm^:dmjdmn@jt[]__ Ygijkdmlons$stiujtdRs _ v ¡Yw
wε
dmn
Ωe
iun v lqn
∂Ω
©]jt[]_yn1gsxdfn]-jt[iuj
w ∈ H1(Ω) lon]_#q_'jks



−∆w − ω2w = 0, dfn Ωe
∂nw + iωw = 0
lon
∂Ω,
w = 0
lon
Γ.
2 o 4
Z$[_'}k_£lq}k_
w = 0
dmn
Ωe
©[]_'nz'_
w = 0
dmn
Ω
§[dfz[´zlonYjt}i v dRz®js ‖w‖L2(Ω) = 1 ¥J¦"lonsx_ Yg]_'nYjthfw
‖vε‖L2(Ω) ≤ C εs+1.
2 SQ 4
°"sjkdm^ijk_>2AQ 4 iun v J4_y^:^:i]¥ ,wedm_yh v s
‖vε‖2L2(Ωi) ≤ C
(
εs+
5
2 ‖∇vε‖
1
2
L2(Ωi)
‖vε‖
1
2
L2(Ωi)
+ εs+2‖vε‖L2(Ωi)
)
,
2  D 4
iqn v ©rgstdfn]M2OSQ 4
‖∇vε‖2L2(Ω) ≤ C
(
ε2s+2 + εs+
1
2 ‖∇vε‖
1
2
L2(Ωi)
‖vε‖
1
2
L2(Ωi)
+ εs‖vε‖L2(Ωi)
)
.
2 SA 4
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*    S    	
S) S(
Z$[_'}k_£lq}k_q©rz'lq^,¡dmn]dfn]-jt[_yst_#j§"l-_ysxjtdf^ijt_s'©djdRs$n]luj v d zghjjkl-lo¡rjkiqdmn
‖vε‖2L2(Ωi) + ε
2‖∇vε‖2L2(Ω) ≤ C
(
ε2s+4 + εs+2
(
‖vε‖L2(Ωi) + ε‖∇vε‖L2(Ω)
))
,
§[dfz[1wedm_yh v s
‖vε‖L2(Ωi) + ε‖∇vε‖L2(Ω) ≤ Cεs+2.Z$[dfs5zlo}t}k_ystplon v sAjtljk[]_ }ksxjJj§5l,_sjkdm^iujt_ys"lu 2A D 4 ¥EZ$[]_jt[]df} v lqn]_dfs5i v dm}k_yzj$z'lqnst_Yg]_ynz_lqjk[]_yst_j§"l:_sjkdm^ijk_ys$¡ewjk[]_iupp]hmdRz'iujtdflqnlu J4_'^:^ir¥ ,jtl
Ωi
¥

	³  r     	 $3	)  	 (.$<5 !. ?) %  ( 	)" .'$	 	  G5	)" . 9G5	)"   %		)  	
1/λε
 1 ) (. $#3 $2 .  2 $  (   %	 	)  	
lim
ε→0
ε−(s+1) ‖vε‖L2(Ω) = 0.
   ¸4¸¸ J³      J4_jgssx_'j
eεk = u
ε − ũε,kχ
¥AZ$[]_d v _yi-lu%jt[]_p}tlelu%dfs5jklsx[l§«jt[iuj
eεkskijkdfs_siqn@ip]}tdflq}kd%_ysxjtdf^:iujt_-luAjk[]_-jwep_ 2AQ 4 iun v jt[]_ynPjklgst_ jt[]_:sjiu¡]dfhfdjw´hf_'^:^i1]¥ * ¥,Zlp}tlo_sxgz[iun_sjkdm^ijk_q©e§5_st[iuhfhgsx_±jt[]__Ygiujtdflqns"stiujtdRs _ v ¡ew
eεk
©e}k_ystp_z®jkdmo_'hfw-dfn
Ωi
iun v
Ωeios$§"_yhmh4ios5jt}iunst^:dfskstdmlonzlon v dmjtdflqnsioz}klosks
Γ
¥
"C6%	   +)  	(- 05w-zlqnsjk}tgzjtdflqn4©
ũε,kχ
skijkdfs_sEdmn
Ωe
jk[]_n]lon[]lq^:loq_'n_'lqgs L_'hf^:[]lqhmjt 
_ Ygijkdmlon §dmjt[-jt[_}ki v dfiujtdflqn-¡log]n v iq}tw zlqn v djkdmlon lon
∂Ω
iun v }kdmo[ojE[iqn v sxd v _
f
2¿jt[dfsEdRsAi v df}t_z®j
z'lqnst_Yg]_ynz_lu 2 o 4 £lq}_iqz[ k 4 ¥'L±_'nz'_q© eεe,k = eεk|Ωe skijkdfs_s5jt[]_[]lo^:lqq_yn]_'logs"_Ygijkdmlon R



−∆eεe,k − ω2eεe,k = 0,
dfn
Ωe,
∂ne
ε
e,k + iωe
ε
e,k = 0,
lon
∂Ω.
2 q 4
"? ("	 ? +)  	(- Z$[]_Pjt}kg]nzyijt_ v st_'}kdm_s
ũε,kχ
v le_ysn]luj1_{]iqzjthfwskijkdfs_sjt[_ v iq^:p_ v
L±_'hf^:[]lqhmjt -_YgiujtdflqnPdfnstd v _
Ωi
¥,Z$[]_'w´o_'}kd£w1jk[]dfs_ ogijtdflqn@§djk[@i1sx^iqhmh+}kdmo[oj[iun v std v _o¥Zl
st_'_jk[ij©]hm_'jgsst_jR
ũε,ki =
k∑
`=0
ε` u`i ,
stl jk[ij
ũε,kχ = χ ũ
ε,k
i
dfn
Ωi.
2q 4
/ n v _'_ v
∆ũε,kχ + ω
2ũε,kχ −
i
ε2
ũε,kχ = χ{∆ũε,ki + ω2ũε,ki −
i
ε2
ũε,ki } + 2∇χ · ∇ũε,ki + ∆χ ũε,ki .
/ nsxd v _#jt[_sxg]pplo}xjlu
χ
jt[_hmlrz'iqh4zlelq} v dfnijk_ys
(xΓ, ν = εη)
zyiun1¡_gst_ v jkl^:iq¨q_jt[_d v _ynYjtd]º
zyijkdmlon?2 z®¥Jq 4
∆ + ω2 − i
ε2
≡ 1
J3ν ε
2
(
−∂2ηη + i−
8∑
`=1
ε`A`
)
.
2] 4
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H}tlo^_YgiujtdflqnI2Qu` 4 ©]i¿jk_'}$^,g]hmjtdfp]hfdfzyijkdmlon¡ew:jt[_#z'lq}k}t_z®j5pl§5_'}5lu ε iun v sxg]^:^ijkdmlon4©rdmj$dRs5n]lujv d zghjjklsx_y_N2£jt[]_zyiuhRzg]hRijkdmlons$iu}k_i hfdmjxjthf_¡]dmjhmlon]:¡]grjn]lqj v d z'g]hmj 4 jk[ij
(
−∂2ηη + i−
8∑
`=1
ε`A`
)
ũε,ki = −εk+1
8∑
`=1
`−1∑
p=0
εp A`−p−1uk+p+1−`i .
2o 4
Z$[_'}k_£lq}k_q©Yjk[iun]¨rs5jkl 2y 4 iun v 2xyo 4 ©
∆ũε,kχ + ω
2ũε,kχ −
i
ε2
˜̃
uε,kχ = g
ε
k,i,
dmn
Ωi,
2 * 4
§[_'}k_jk[]_#£g]nzjtdflqn
gεi
dRs$qdfq_yn4©r§djk[0lq¡eedmlogs5n]lujijtdflqn©r¡Yw
gεk,i = −εk−1 χ
8∑
`=1
`−1∑
p=0
εp A`−p−1uk+p+1−`i (., ν/ε) + 2∇χ · ∇ũε,ki + ∆χ ũε,ki .
2u` 4
H}tlo^ _{rp]}k_yskstdmlonI2QA 4 iun v jk[]_#d v _'nYjtdmjw
∫ +∞
0
( ν
ε
)n
e
− ν√
2ε dν = Cn ε, ∀ n ∈ N ,
dmjdRs$n]luj v d zg]hmjjtl v _ v gz'_jt[]_#£lohmhfl§dmn-_sjkdm^iujt_£lq}_iqz[
uqi
R
( ∫
Ωδ
i
|uqi (., ν/ε)|2 dx
) 1
2
≤ Cq(δ) ε
1
2 .
2o 4
/ n1jk[]_stiq^-_#§$i*wq©rlon]_#_yiqstdfhmw
st[]l§s"jt[ijR
( ∫
Ωδ
i
\ Ω
δ
2
i
{ |ũε,ki |2 + |∇ũε,ki |2 } dx
) 1
2
≤ C(δ) exp(−δ/ε) . 2xySQ 4
_'q}klqgp]dmn _sjkdm^ijk_ysC2xyo 4 iun v 2SQ 4 dfnYjtlM2u` 4 ©]wedm_yh v s
||gεk,i||L2(Ωi) ≤ C εk−
1
2 .
2 D 4
 lujk_luz'lqg]}sx_jt[iujy©Y¡Yw-jiu¨edmnjt[]_ v dmD_y}t_ynz_¡D_j§5_'_yn2 * 4 iun v 2Q 4 2£dfd 4 © eεi,k := eεk|Ωi
skijkdfs_ys
− ∆eεi,k + (−ω2 +
i
ε2
)eεi,k = g
ε
k,i,
dfn
Ωi.
2SA 4
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(  H}tlo^ dmnYjt_y}xOioz_zlqn v djkdmlonI2QSQ 4 djdRs"z'hm_iu}"jt[iuj ũε,kχ ©riqn v jt[egs eεk ©dRszlonYjtdfnYglqgs$iqz'}tlYsts
Γ
¥ L±l§"_yq_'}©o£}tlo^ 2QY 4 © v g]_jtl-jt[]_st[]dm¿jludfn v _'{
¡D_j§5_'_'n1hf_¿j±iun v }kdmo[Yj
½½ÆT"U9V@WW
*    S    	
S) S(
[iun v sxd v _ysy©ªjk[]_:n]lq}k^iuh v _'}kdf*iujtdfq_ lu
ũε,kχ
©4iqn v jt[egs#lu
eεk
©4dfs v dRskzlqnYjkdmneg]logs#iqz}klosks
Γ
¥ ¬lq}k_
p}t_zdRsx_yhmwo©]sjk}kiqdmo[ojt£lq}k§5iq} v zyiuhRzg]hRijkdmlons5hm_i v jtl-jk[]_#£lqhfhml§dfn] jt}iunst^:dfskstdmlon1z'lqn v dmjtdflqns



eεe,k − eεi,k = 0,
lon
Γ,
∂n e
ε
e,k − ∂n eεi,k = εk ∂n uke ,
lon
Γ.
2q 4
   ;	    	  _ z'iqn¬n]l§ p]}klrz_y_ v jkljt[_ niuh+sjk_'pPlqEjt[]_-p]}klelu¥#´g]hmjtdfp]hmwedfn]1_Ygijkdmlon
2 q 4 ¡ew eεe,k iqn v dfnYjt_yq}ijtdfn]-lq_y} Ωe ©r§"_lo¡rjkiqdmn1¡ewgstdmn]>-}k_'_yn  s5£lo}t^ g]hRi]©
∫
Ωe
|∇eεe,k|2 dx − ω2
∫
Ωe
|eεe,k|2 dx+ iω
∫
∂Ω
|eεe,k|2 dσ =
∫
Γ
∂n e
ε
e,k e
ε
e,k dσ .
2oy 4
/ n1jk[]_stiq^-_#§$i*wq©r^ g]hjkdmphmwedfn]_YgiujtdflqnI2xyA 4 ¡ew eεi,k iun v dfnYjt_'o}kiujtdfn]-lq_'} Ωi ©]lqn_o_js
∣∣∣∣∣∣∣∣
∫
Ωi
|∇eεi,k|2 dx− ω2
∫
Ωe
|eεi,k|2 dx+
i
ε2
∫
Ωi
|eεi,k|2 dx = −
∫
Γ
∂n e
ε
i,k e
ε
i,k dσ
+
∫
Ωi
gεk,i e
ε
i,k dx .
2oq 4
F vv dmn jklqo_jt[_'}2oq 4 iqn v 2q 4 iun v gstdfn]M2yo 4 iun v 2xy D 4 ©]odmo_ys
∣∣∣∣∣∣∣∣
∣∣∣∣
∫
Ω
|∇eεk|2 − ω2
∫
Ω
|eεk|2 + iω
∫
∂Ω
|eεk| +
i
ε2
∫
Ωi
|eεk|2
∣∣∣∣
≤ Ck
(
εk ||eεk||L2(Γ) + εk−
1
2 ||eεk||L2(Ωi)
)
,
2o 4
§[_'}k_
Ck
dRs#iz'lqnsxjkiqnojdmn v _'pD_'n v _'nYjlu
ε
¥,n]_ys v _ v gz'_ysjt[]_ v _sxdf}t_ v _ysxjtdf^ijk_ys¡ew¬iup]p]hfwedmn
J_'^:^ir¥ * ¥

       
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 < _,st[iqhmh%z[]_yz¨
[_'}k_jk[ijjk[]_
uε,k
 s±iu}k_§5_'hfh v _n]_ v ¥"Z$[]dfs$dRslog]}$n]_{ej}k_ystg]hj¥
"³      
k = 0, 1, 2, 3
 	)"1$) (.   2   )".  



−∆uε,k − ω2uε,k = f,  ( Ωe,
∂nu
ε,k + iωuε,k = 0,
(
∂Ω,
uε,k + Dε,kuε,k = 0 ( Γ,
2o * 4
 7 	  ) (",+%)" % ) 	 (M (
H1(Ωe)

  2 S$>	)  	
ε H ≤
√
2/2
 
k = 2

ε
 !    (
) 

 
k = 3

»£¼%½4»¿¾
 
		 !"#$%	 &'(
)"%	$ **
-  @( brdmnz'_#jt[]_#p]}klelu4£lo}
k = 0, 1, 2
dfs Yg]dmjt_z'hfioststdfzyiuh ©e§"_#sx[iuhfh4zlqnz_'nYjk}kiujt_±[_'}k_lonjk[]_z'iosx_
k = 3
¥  _sxjkiq}xj¡ew}k_£lo}t^ g]hfiujtdflqnp]}tlo¡]hf_'^ 2xq * 4 iqsi:stwesxjt_y^0¥
 (O7)   	 ( G 	)"C
 % %= / nYjt}kl v gzdfn]
ϕε = ∂nu
ε,3|Γ
iosi´n]_y§ gn]¨en]l§n4©+p]}klq¡]hf_'^
2xq * 4 dfs_ Yg]dmiqhm_ynoj©e£lq} k = 3 ©ejtln v (uε,3, ϕε) ∈ H1(Ωe) ×H1(Γ) stgz[jt[iuj
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
−∆uε,3 − ω2uε,3 = f, dmn Ωe,
∂nu
ε,3 + iωuε,3 = 0,
lqn
∂Ω,
∂nu
ε,3 = ϕε,
lqn
Γ,
−∆Γ ϕε −
2i
ε2
θ3(ε) ϕ
ε =
2iα
ε3
uε,3
lqn
Γ,
2o'` 4
§[_'}k_§5_#[i*q_#st_j
θ3(ε) = 1 −
εH
α
− i ε
2A(ω)
2
§dmjt[
A(ω) = 3H2 −G+ ω2 ¥
 _{ej$§"_sx[]l§jk[ij$p]}klq¡]hf_'^ 2o'` 4 dfs5lq H]}k_ v []lohm^ jwepD_q¥ H]lo}Jjk[]dfsy©e§"_ }sj$n]lujkdfz'_jk[ij2qy` 4 dfs_ Yg]dmiqhm_ynoj$jkl jk[]_iu}kdfiujtdflqniqhMp]}tlo¡]hf_'^ R



H%dfn v
(uε,3, ϕε) ∈ H1(Ωe) ×H1(Γ)
stgz[jt[iuj ∀ (v, ψ) ∈ H1(Ωe) ×H1(Γ),
a1
(
(uε,3, ϕε), (v, ψ)
)
+ aε2
(
(uε,3, ϕε), (v, ψ)
)
=
∫
Ωe
fv dx.
2o 4
§[_'}k_§5_#[i*q_#st_jR



a1 ((u, ϕ), (v, ψ)) =
∫
Ωe
∇u · ∇v dx + iω
∫
∂Ω
u v dx+
∫
Γ
(∇Γ ϕ · ∇Γ φ+ ϕ ψ) ds
aε2 ((u, ϕ), (v, ψ)) = − ω2
∫
Ωe
u v dx−
∫
Γ
[ 1 +
2i
ε2
θ3(ε) ]ϕ ψ ds
− 2iα
ε3
∫
Γ
u ψ ds −
∫
Γ
ϕ v ds.
n_n]_{ejA}k_'^iu}k¨rs%jt[iuj
a1(·, ·)
dRsAzle_'}zdfq_$dfn
H1(Ωe)×H1(Γ)
§[]dfhm_
aε2(·, ·)
dRsE§"_iu¨ehmw-zlo^-piqz®j
dfn
H1(Ωe) ×H1(Γ)
R
(un, ϕn) ⇀ (u, ϕ)
dfn
H1(Ωe) ×H1(Γ) =⇒ aε2 ((un, ϕn)(un, ϕn)) → aε2 ((u, ϕ)(u, ϕ)) .
Z$[_'}k_£lq}k_q©Yjklp]}tlo_±jk[]__'{edRsxjt_'nz_#lu%jt[]_stlqhfgrjkdmlonlq12xq'` 4 2£lq} 2q* 4@4 ©dmjdfsstg zdf_'nYjjklp]}tlo_gn]dYg]_yn]_ysksy¥
  (",+%)"(
$ 
 9G(  _-p}tlo_jt[_-gn]dYg]_yn]_ysks}t_sxghj£lq}
ε
st^:iqhmh+_yn]lqg]o[P¡ew¬zlonYjt}i v dRz®jkdmlon4¥ / 
½½ÆT"U9V@WW
* `   S    	
S) S(
gn]dYg]_yn]_ysksOiqdmhRsjk[]_'n©%gp¢jtl´jk[]__'{Yjk}kioz®jkdmlon lq±i´sx_ Yg]_'nz'_luiuhfg]_slu
ε
jt_yn v dfn]¬jklP]©%lqn]_
zyiun ioststg]^:_jt[ij [_'}k__{rdRsjs,i¬nlqn¯jt}kdfYdRiuh5sxlohmg]jtdflqn
(uε,3, ϕε)
lqjt[]_[]lq^:loq_'n_'lqgsp]}klq¡]hf_'^
ioststlrzdRijk_ v §dmjt[K2xq'` 4 ©rjk[ij§5_z'iun1n]lo}t^iuhfdf '_dmn´stgz[1i:§$i*w:jt[ijR
‖uε,3‖L2(Ωe) = 1.
2oQ 4
 _^,g]hmjtdfp]hfwjt[]_CL±_'hf^-[lqhmjt _Ygijkdmlon
¡ew-jt[]_z'lq^:p]hf_{
zlon~g]Yijt_lu
uε,3
iun v i¿jk_'}5dmnYjk_'q}ijkdmlon
¡ew@piu}tjksy©§5_}k_'p]hRiqz'_q©%dmn¯jk[]_¡Dlqg]n v iu}kw¬jt_y}t^<lqn
Γ
©jk[]_jt}iqz'_lu
uε,3
¡ewPdmjks,_{rp]}k_ysksxdflqn¯iqsi
£gnz®jkdmlon1lq
ϕε
£}tlo^jt[_hfiosj_Ygiujtdflqn1lu 2o'` 4 ¥AZ$[]dfs$hf_yi v s5jtl
∫
Ωe
(
|∇uε,3|2 − ω2|uε,3|2
)
dx +
ᾱ ε3
2
∫
Γ
|∇Γ ϕε|2 ds
+εα
∫
Γ
θ3(ε) |ϕε|2 ds+ iω
∫
∂Ω
|uε,3|2 ds = 0.
 _,nl§7jiu¨o_jt[]_-}k_yiuhpiu}tj±lqEjt[]_ hfiosj_Ygiuhfdmjw?2 zlqnYjk}kiq}tw
jtl
§[ij±dRs±^:lo}t_gsxgiqh ©jkiq¨edmn]
jt[]_
df^iuodmniq}tw
piu}tj v le_ysnluj±p]}kled v _#jt[]_ v _ystdm}k_ v _ysxjtdf^ijk_q©]jk[]_jk_'}k^/dfn |∇Γ ϕε|2 z'lq^:_ys§djk[´jt[]_§}klqn-stdmon 4 iun v gst_;2oQ 4 jkl-o_j
∫
Ωe
|∇uε,3|2 dx+ ε
3
√
2
4
∫
Γ
|∇Γ ϕε|2 ds+ ε
∫
Γ
Re(αθ3(ε))|ϕε|2 ds ≤ ω2.
2oBD 4
brdmnz'_ Re(αθ3(ε)) jt_'n v s$jtl
√
2/2
iqs
ε
ole_ys$jkl:©]§5_ v _ v gz_#jt[ij
uε,3
dRs¡Dlqg]n v _ v dfn
H1(Ωe)
¥
Z$[_'}k_£lq}k_q©eg]p1jkl jk[]__{ejk}kioz®jtdflqn1lu+isxg¡sx_ Yg]_'nz'_q©r§5_z'iun0iqskstg]^:_jk[ij9R



uε,3 → u, §5_yiu¨ehfwdmn H1(Ωe),
uε,3 → u, sxjt}klqn]ohmwdfn L2(Ωe),
∆uε,3 → ∆u, §"_iu¨ehfwdmn L2(Ωe),
jk[]_±hRijtjt_y}"p]}klqpD_'}tjw-¡_ydmn] v _ v gz_ v £}tlo^ jt[]_ L_'hf^:[]lqhmjt _Ygiujtdflqn4¥ 05w-jt}iqz_jt[]_ylq}k_'^0©
∂nu
ε,3|Γ2O}t_sxp¥
∂nu
ε,3|∂Ω)
z'lqneq_y}to_ysMjkl
∂nu|Γ
2£}k_ystp4¥
∂nu|∂Ω 4 dfn H− 12 (Γ) 2O}t_sxp4¥ H− 12 (∂Ω) 4 ¥E±Dzlqg}kst_q©iuj$jt[]_hfdm^:dmjy©§"_#[i*o_SR



−∆u− ω2u = 0, dmn Ωe,
∂nu+ iωu = 0,
dfn
∂Ω.
2oA 4
§[dmhf_q©opiqsksxdfn]jtl#jk[]_ 2O§"_iu¨ 4 hmdf^:djJdfn:jt[_hfiosjA¡Dlqg]n v iu}kw_Ygiujtdflqn:lu 2o'` 4 iu¿jt_y}A^,g]hmjtdfp]hfdfzyijkdmlon¡ew
ε3
©]§"_#lo¡rjkiqdmn
u = 0,
lqn
Γ.
2oy 4
H}tlo^ 2oA 4 iqn v 2q 4 ©§"_#q_'j u = 0 §[]dRz[dRsdfn1z'lqnYjt}i v dfzjtdflqn1§djk[ ‖u‖L2(Ωe) = 1 ¥ 
»£¼%½4»¿¾
 
		 !"#$%	 &'(
)"%	$ * 
	 ! µ    ¸  ) ³ ¹  J³  ³  ³
uε,k−ũε,k   _5n]l§¢p]}klrz_y_ v jklsxjt_yp-lq]jt[_5st¨q_'jkz[ iqn]n]log]nz_ vdfn´sx_z®jkdmlon * ¥ H}tlo^ n]l§7lqn4©]§5_sx[iuhfh4sx_'j5£lo}
k = 0, 1, 2, 3
©
e
ε,k = uε,k − ũε,k. 2*u 4
Z$[_±sjiu}tjtdfn]#plodmnYjJlqMjt[]__y}t}klq}AiqniuhfwrsxdRs+dRsEjtl}k_'^iq}t¨jk[ij
e
ε,k dfsAi,sxlohmgrjkdmlon:lu4i#[]lq^:loq_'n_'lqgsL±_'hf^:[]lqhmjt _ ogijtdflqn1§dmjt[0lqgrjkqlodmn]:iu¡sxlo}t¡]dfn]:zlon v dmjtdflqn1lqn
∂Ω
©



−∆eε,k − ω2eε,k = 0 dmn Ωe,
∂ne
ε,k + iωeε,k = 0
lqn
∂Ω,
2*r 4
iqn v stiujtdRs _s+inlqn-[]lq^:lqo_'n]_ylqgs
GIBC
¡Dlqg]n v iu}kwzlon v dmjtdflqn-lqn
Γ
§dmjt[st^iuhfhr}tdfq[Yj+[iun v std v _o¥
Z$[dfsAz'lq^:_ys v dm}k_yzjthfw£}klq^=jt[]_±z'lqnsxjt}kgzjtdflqn:luDjt[]_
GIBC
dmjkst_'hm4iun v dRsElq¡rjiudfn]_ v ¡ew ^:iq¨edmn]#jk[]_
v dM_'}k_'nz'_#¡_'j§"_y_'nK2 DD 4 iun v 2 ] 4 ¥'J4_jgs5£lq}k^,g]hRijk_jk[]dRsiqsi-hf_'^:^i R
"³      
k = 1, 2, 3
 	 %  6% 	  $;9	C$) (.%	 (
gεk
)"'M	)  	
e
ε,k + Dε,k ∂neε,k = εk+1 gεk,
2*q 4
  	 	 7$	    	 
||gεk||H 12 (Γ) ≤ Ck,

k = 1, 2, 3,
2 * 4
" 
Ck
   "B 	  2 N$("	  ("	 (
S  %(.(E	G
ε

Z$[dfs}k_ystg]hmj±z'iqn¡D_,st_'_'n0iqs±i $(  	%(.% }t_sxg]hmj£lq}$jk[]_¡Dlqg]n v iu}kw
zlon v dmjtdflqn4¥$¦"lq^,¡dmn]_ v §dmjt[
i 	  %   	 iq}tog]^:_'nYjy©edmjdfs$jk[]_'n0pDlosksxdf¡]hf_jtl:lq¡rjiudfn1jt[]_#£lohmhfl§dmn _sjkdm^ijk_ysy¥
"³      
k = 1, 2, 3
 	 %  '% $	    	 2  $( 	  ("	
Ck
 (.S "(
S%("	 G
ε
)"03	  	
‖uε,k − ũε,k‖H1(Ωe) ≤ Ck εk+1.
2*` 4
-  @( H]}klq^ 2xr 4 iun v 2*q 4 iqn v -}k_'_yn  s5£lq}k^,g]hRi]©
∣∣∣∣∣∣∣∣
∫
Ωe
( |∇eε,k|2 − ω2|eε,k|2 ) dx+ iω
∫
∂ω
|eε,k|2 ds
+
∫
Γ
Dε,k ∂neε,k · ∂neε,k ds = εk+1
∫
Γ
gεk ∂ne
ε,k ds.
2*q 4
br_jxjkdmn
ϕεk = ∂ne
ε,k|Γ
©Diqn v dmnYjk}tl v gz'dmn:jt[]_,£g]nz®jkdmlons
θ1(ε) = 1
©
θ2(ε) = 1 − εHα
© 2
θ3(ε)
[iqs
¡D_'_yn v _n]_ v dfn@jt[]_p]}kleluJlq J_'^:^i1]¥ ` 4 ©lon]_-zyiun v _'}kdfq_ jt[]_-£lqhfhfl§dmn]1q_yn]_'}iuh%d v _'nYjtdmjw¬¡ewgsxdfn]-jt[]__'{rp]hmdRzdmj_{rp]}k_yskstdmlonsJlqjk[]_ Dε,k  sy©
∣∣∣∣∣∣∣∣∣
∫
Ωe
( |∇eε,k|2 − ω2|eε,k|2 ) dx+ iω
∫
∂ω
|eε,k|2 ds
+ εα
∫
Γ
θk(ε) |ϕεk|2 ds+ νk
ᾱ ε3
2
∫
Γ
|∇Γ ϕεk|2 ds = εk+1
∫
Γ
gεk ∂ne
ε,k ds ,
2*Q 4
½½ÆT"U9V@WW
* Q   S    	
S) S(
§[_'}k_
νk = 0
£lq}
k = 0, 1, 2
iun v
ν3 = 1
¥AZiq¨edmn]-jk[]_}t_iuhMpiq}xj©
∣∣∣∣∣∣∣∣∣
∫
Ωe
( |∇eε,k|2 − ω2|eε,k|2 ) dx + ε
∫
Γ
Re(αθk(ε)) |ϕεk|2 ds
+νk
√
2 ε3
4
∫
Γ
|∇Γ ϕεk|2 ds = εk+1 Re
∫
Γ
gεk∂ne
ε,k ds .
2*D 4
/ npiq}xjkdfz'g]hfiq}y©5sxdfnz'_
νk ≥ 0
iun v Re(αθk(ε)) jt_'n v s-jtl
√
2
iqs
ε
jk_'n v s-jkl
0
©"§"_0lq¡]jkiudfn­jt[]_
£lohmhfl§dfn] _sjkdm^iujt_q©]£lq}
ε
st^iuhfhª_'n]log]q[4©
∣∣∣∣∣∣∣
∫
Ωe
( |∇eε,k|2 − ω2|eε,k|2 ) dx ≤ εk+1 ‖gεk‖H 12 (Γ)‖∂ne
ε,k‖
H−
1
2 (Γ)
≤ Ck εk+1 ‖eε,k‖H1(Ω),
2*A 4
§[_'}k_"jk[]_hRijtjt_'}Edfn]_ ogiuhfdjw-zlq^:_s%£}tlo^ 2* * 4 iqn v jt[]_$Oioz®jAjk[ij eε,k dRsAstlqhfgrjtdflqn jt[]_ L_'hf^:[]lqhmjt _ Ygijkdmlon dfnstd v _
Ωe
¥+Z$[_}t_y^:iqdmndmn]#piq}xjAlqjk[]_p]}kleluMdmn-jk[]_'n}ijk[]_'}Asxjt}iudfq[Yjx£lo}t§$iu} v ¥  _ }sj
p}tlo_¡ew
z'lqnYjt}i v dRz®jkdmlonjk[ij
‖eε,k‖L2(Ωe) ≤ Ck εk+1 .
2*u 4
/ 2xu 4 dRsn]lqjjt}kg]_q©jt[]_yn µεk = ε−(k+1)‖eε,k‖ §5lqgh v ¡]hfl§sg]pO2¿£lq}istg]¡st_Yg]_'nz_ 4 ios ε qle_ysjkl
0
¥AZ$[]_yn4©rdmnYjk}tl v gz'dmn
wε,k = eε,k / ‖eε,k‖L2(Ωe),lon]_ys v _'}kdmo_ys"£}tlo^ 2*A 4
∫
Ωe
|∇wε,k |2 dx ≤ ω2 + Ck (µεk)−1 ‖wε,k‖H1(Ω) ≤ Ck (1 + ‖wε,k‖H1(Ω)).
2 *  4
Z$[_'}k_£lq}k_q©
wε,k
dRs¡log]n v _ v dfn
H1(Ω)
iqn v jk[Ygs'©g]p jkl jt[_@_'{Yjk}kioz®jkdmlon lu,isxg¡sx_ Yg]_'nz'_q©
z'lqneq_y}to_ys,§"_iu¨ehmw¯dfn
H1(Ωe)
¡grjsjk}tlon]qhfw¢dmn
L2(Ωe)
jtl¢stlq^:_
wk ∈ H1(Ωe)
jk[ijskijkdfs_ys
‖wk‖L2(Ωe) = 1
iqs$§5_'hfh4iqs



−∆wk − ω2wk = 0, dmn Ωe,
∂nw
k + iωwk = 0,
lqn
∂Ω.
2 *  4
H%dfniuhfhfwq©rpioststdmn jkl-jt[]_hfdm^:dmj 2£dfn0jt[]_§5_yiq¨sx_ynst_ 4 dmn1jk[]_¡log]n v iq}twzlqn v djkdmlon
wε,k + Dε,k ∂nwε,k = gεk/ ‖eε,k‖L2(Ωe) = (µεk)−1 (gεk/ εk+1) ,
2 *  4
§5_sx_y_;2
gεk/ ε
k+1 dRs$¡Dlqg]n v _ v iun v (µεk)−1
jt_'n v s$jtl 4 jk[ij wk iqhfstlstiujtdRs _ys
wk = 0,
lon
Γ.
2 *S* 4
brwesxjt_y^ 2@2x *  4 © 2 ** 4@4 df^:p]hmdf_ys jk[ij wk = 0 ©A§[dfz[zlqnYjk}ki v dfzjks ‖wk‖L2(Ω) = 1 ¥ Z$[]_y}t_'£lq}k_q©2xq 4 []lqh v sy¥AZ$[]_J4_y^-^i-_ysxjtdf^ijk_dRsn]l§ i v dm}k_yzjzlqnsx_ og_'nz'_lq 2xu 4 iun v 2*A 4 ¥ 
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Z$[__'}k}tlo}Aiuniqhmwrstdfs+lqª^-l v d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GIBC
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}t_sxg]hmjksiqn v dmn v dfzyi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k = 1, 2
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ε
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k = 3
 	 
$) (.   2   )"!
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uε,k ∈ H1(Ωe)
 $ 2 %0 	 % 
'% 	  $("	  ("	
Ck
' (
S  %(.(E	G
ε
 )"'M	)  	
‖uεe − uε,k‖H1(Ωe) ≤ Ck εk+1.
2 * ` 4
-  @(  _ st[iuhfhlon]hfw
jk}t_ij±[]_y}t_,jt[]_-z'iosx_
k = 3
2£jt[]_ lujt[_'}s±iu}k__iqstw 4 iun v¬v dm}k_yzjthfwoljtl
jt[]_p}tlelu"luJ_sjkdm^ijk_M2 * ` 4 iqsksxg]^:dfn]jt[]_:_{rdRsjk_'nz'_-iqn v gn]dYg]_yn]_yskslu"jt[]_stlqhfgrjtdflqn4¥:±"zlog]}kst_q©§5_#lqn]hfwn]_y_ v jtl:hflYlo¨
ij$jk[]_ v dmD_y}t_ynz_
uε,3 − ũε,3 ©rniu^:_'hfwjkl-p}tlo_±jk[]__Yg]dfiuhf_'nYj$jtl:hm_y^:^:i]¥ Q]¥
±ijt[_'}z'g]}kdmlogsxhfwq©dj#iup]pD_yiq}ksjt[iuj±jt}k_yiujtdfn]:jt[_,¡Dlqg]n v iu}kw1z'lqn v dmjtdflqn v dm}k_yzjthfwdfn¬dmjks j  £lq}k^
2 *  4 v le_ysn]lqjhm_i v df^-^:_ v dfiujt_yhmwjtl:jk[]_lqp]jtdf^:iqh4_'}k}klq}$_ysxjtdf^ijt_o¥"Z$[]dRsdRs§[ew
§5_st[iuhfh4}k_'§}kdjk_dmjiosiun  j Sz'lqn v dmjtdflqn0¡ew
dfnYjt}kl v gzdfn]-jt[_dmneo_'}sx_#lu%jt[_lqpD_'}ijklq} N ε,3 2On]lujk_#jt[iujy©¡Yw3Jiu{Yº¬dmhfq}iu^  s"hf_'^:^i]© N ε,3 dfsiqn0dfstlq^:lq}kp][]dRst^ £}tlo^ Hs+2(Γ) lqnYjtl Hs(Γ) 4 ¥
 _}k_'pD_yiuj[]_'}k_:jt[]_iup]p]}kloioz[@lqJ4_'^:^i¬r¥ Qr¥¬n]_}sj-z[]_yz¨rsjt[ijjk[]__'}k}klq}
e
ε,3 skijkdfs_ysjk[]_[]lq^:lqo_'n]_yn]lqgs'L_yhm^:[]lohjk _ ogijtdflqn
dmn
Ωe
jtloq_jk[]_'}5§dmjt[jk[]_n]lqn[lq^:lqo_'n]_ylqgsJ¡log]n v iq}tw
z'lqn v djkdmlon R
e
ε,3 +
(
N ε,3
)−1
∂ne
ε,3 = ε4 gε3,
2 *  4
§[_'}k_
gε3
dfsi:st^-lelqjt[£g]nz®jkdmlon¬stiujtdRs£wedfn]"R
||gε3||H 12 (Γ) ≤ Ck,
£lo}
k = 1, 2, 3,
2 * Q 4
|J}tlrz_y_ v dfn]iqs$dfnjt[]_p]}klelu%lu J4_'^:^ir¥ Qr©]§5_#lq¡eedmlogsxhfwq_'j
∣∣∣∣∣∣∣∣∣
∫
Ωe
( |∇eε,k|2 − ω2|eε,3|2 ) dx+ iω
∫
∂ω
|eε,3|2 ds
+
∫
Γ
(
N ε,3
)−1
∂neε,3 · ∂neε,3 ds = εk+1
∫
Γ
gε3 ∂ne
ε,3 ds.
2 * D 4
Z$[_¨o_'wpDlqdfnYjdfs5jk[ij©ijhf_yiosj$£lo}
ε
sx^iqhmh4_yn]lqgq[4©Y£lq}iunew
ψ
sx^:lelujk[_yn]lqg]o[4©
Re
∫
Γ
(
N ε,3
)−1
ψ · ψ dx ≤ 0. 2 * A 4
½½ÆT"U9V@WW
* A   S    	
S) S(
Z$[dfs$dRsi:zlonsx_ Yg]_'nz'_lq
Re
∫
Γ
N ε,3ϕ · ϕ dx ≤ 0, £lq}iqnYw ϕ st^-lelqjt[1_'n]log]q[4©
jk[ij£lohmhfl§s"£}tlo^jt[_d v _ynYjtdmjwI2£p}tlo_'n
dfn´sx_z®jkdmlon * ¥  4
∫
Γ
ϕ · N ε,3ϕ ds = α ε
2
∫
Γ
|∇Γ ϕ|2 ds+
ᾱ
ε
∫
Γ
[ 1 +
εH
ᾱ
+ i
ε2
2
(H2 −G+ ω2) ] |ϕ|2 ds,
iqn v jt[]_lo¡sx_y}tiujtdflqnjk[ij



Re α = Re ᾱ =
√
2/2,
lim
ε→0
[ 1 +
εH
ᾱ
+ i
ε2
2
(H2 −G+ ω2) ] = 1.
Z$[_'}k_£lq}k_§"_#[i*o_#st[]l§n
jt[iujy©iossxlelqn0iqs
ε
dfsst^iuhfhª_'n]log]q[©
∫
Ωe
( |∇eε,k|2 − ω2|eε,3|2 ) dx ≤ 0, 2 *  4
iqn v jt[]_z'lqnz'hmgstdflqn1lujk[]_p]}kleludRsd v _'nYjkdfzyiuhMjtl-jk[]_lqn]_lq J_'^:^i:]¥ Q]¥
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∂ne
ε,3 + N ε,3eε,3 = ε3 hε3,
" 
hε3
  
gε3
 ( 7)     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u1e, u
2
e
 (.
u3e
 (;  	 )   
hε3 = O(1),
 (  (E   $  2 (

.
 (
C	 %(IS$)"$   ! (=  	) 
gε3 = (εN ε,3)−1 hε3 .
 (
#.'(     	   ("   !     $	   $2  ( 
5(.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(εN ε,3)−1 = 1
α
{
1 +
ε
α
H + iε
2
2
(∆Γ + H2 −G+ ω2)
}−1
= O(ε).
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uε,3 + Dε,3r ∂nuε,3 = 0,
(
Γ,
2y`o 4
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( uε,3 ∈ H1(Ωe) C 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C3
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‖uεe − uε,3‖H1(Ωe) ≤ C3 ε4.
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∂nu
ε,3 + N ε,3r uε,3 = 0,
(
Γ,
2y`Y 4
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  N ε,3r  
 2 %( % 
  
 _sx[iuhfhrn]lujk_ v _jkiqdmhejk[]_$p]}klYlqlqjt[dfs%jk[]_'lo}t_y^ §[]dfz[-dRsEiuhf^-lYsjEd v _'nYjkdfzyiuhejtljt[_lqn]_$lujt[]_ylq}k_'^
Q¥mlq}hf_'^:^ir¥ Q1¥'J4_jgs±sxdf^:p]hmw
}t_z'iuhfhMjt[ij$jt[]__'{rdfsxjt_ynz_iun v g]ndYg]_yn]_ysks}k_ystg]hjdRs$iuhfd v £lq}
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